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PREFACE. 



Thb constructioa of a triaDgle ox figure some of whose 
parts are given^ is Si. problem for the solution of which 
directions cast be dedaced from the propositions of 
Geometry ; and by the skilful nse of instruments^ ihe 
required figure, or one similar to it, can be represented 
on paper. Althongh these graphical constructions fur- 
nish a model or pattern of the figure, and show exactly 
the relative position of the parts, giyen and the parts 
sought, they cannot be made available for ascertaining 
with any great accuracy the actual magnitude of the 
sides or angles ; nor can the degree of approximation, 
or the amount of error, be in general estimated from 
these constractions. 

It became, therefore, of importonoe to seek some 
method by wbiob, from given parts of a triangle, tlie 
measures of the remaining pirts- might be obtained, 
cither exactly or with a stated degree of approxi- 
mation. Numerical computations, complying with 
these conditions, were therefore substituted for graphi- 
cal constructions^ 

The branch of Mathematics having. for its object the 
investigation of the principles a^nd rules by which the 
several parts of a triangle ar^ connected the one with 
the other* and by which their measures are accurately 
ascertained, is called Trigonometry, 

The science of Trigonometry, however, now occupies 
a much wider field, and is employed in most departments 
of Mathematics pure and applied. 
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It is the object of the following lessons to place before 
the student in as simple a shape as possible, the 
fundamental principles and the more useful appli- 
cations of Plane .Trigonometry; the more important 
elementary formulae of Analytical Trigonometry ; and 
the leading properties on which depends the solution 
of Spherical Triangles. 

The lessons on Plane Trigonometry require a know- 
ledge of Arithmetic, the elements of Algebra, and the 
first two books only of Euclid's Elements ; and those on 
Solid or Spherical Trigooometry suppose in addition 
an acquaintance with the first twenty-one propositions 
of the Eleventh Book. They have been thus framed 
to meet the case of many persons (particularly Teachers 
and Pupils of National Schools anxious to learn Navi- 
gation) to whom a well-grounded and practical know- 
ledge of the subject would prove most - serviceable in 
many ways, but who bave had .to .forego this know- 
ledge, because they had neither the leisure nor the 
opportunities required for learning the six books of 
Euclid, which in most treatises are assumed to be known 
by those who enter upon t the study of Trigonometry. 



THE GREEK ALPHABET. 



a alpha. 
P beeta. 



c i5ta. 
c kappa. 
X lambda. 



p rhS. 

<r sigma. 

r tau. 

V yoopeeelon. 

^ phee. 

X chee (cA, hard). 

^ psee. 

w d'mega. 



y gamma, 
a delta, 
e epseelon. 



^ zeeta. 
fl eeta. 
theeto. 



C kfiee. 
o om'ecron. 
ir pee. 



Digitized by 



Google 



LESSONS 

ON 

PLANE TRIGONOMETRY. 



INTRODUCTION. 

Measures of Magnitudes, Rational and Irrational Numbers — Preliminary 
Geometrical Propositions. 

MEASUSES OF MAGNITUDES, RATIONAL AND IBBATIONAL 
NUMBBBS. 

1 . Wlien a magnitude is compared with another of the same 
kind taken as standard, this standard or some ascertainable 
part ol it may be contained an exact number of times in the 
given magnitude, or it may happen that no part however small 
of the standard can be contained exactly in it. In either case, 
the numerical expression by which the result of this com- 
parison of a magnitude with the assumed standard, or unit of 
measure, is represented, is called the Tweasttrc of the magnitude. 

2. If the standard, or some submultiple of it, is contained 
an exact number of times in a given magnitude, this magni- 
tude is said to he rational or commensurable; and its measure 
is expressed by a rational^ or commensurable, number. 

If, on the other hand, no submultiple whatever of the stan- 
dard is contained an exact number of times in the given 
magnitude, the magnitude is said to be incommensurable or 
irrational, and its measure is an incommensurable, or irra- 
tional, number. 

Thus, if the foot be taken as the unit of length, lines con- 
taining six feet, eight feet seven inches, fifteen feet and eighty- 
three-thousandths of a foot, will be commensurable, or 
rational, magnitudes; for they contain one foot, one-twelfth 
of ft foot, one- thousandth of a foot, an exact number of times. 
The numbers 6, 8-i\, 15*083 are the measures of the lines ; 
they are commensurable, or rational, numbers. 

But die diagonal of a square compared with its side is an 
irrational magnitude, and its measure, which is expressed 

B 
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Xiumerica]l}r hj is an irrational, or incommensurable, 
nmnber. The same will be the case with the diagonal of 
eyery square whose side b a multiple or a submultipTe of the 
unit of measure. 

The circumference of a circle referred to its diameter as 
standard is also an incommensurable magnitude, and its 
measure, whkh is usually represented by the character ir, 
and has for its value correct to the tenth decimal place, 
3*1415926535, is an irrational number. 

Again, if the foot square be taken for standard of super- 
ficial measurement, the area of the circle whose diameter is 
one foot in l«igth, will be an incommensurable magnitude, 
and the numerical expres»on of its measure, '78539 . . . . , 
will also be incommensurable. 

3. The yakte of the numerical expression of an iirational 
magnitude is greater than the numbers which are measures 
of magnitudes less than the givai one, but is less than the 
numb^ which are measures of magnitudes greater than it. 

Thus the valtie of the expression for the area of a eircle 
whose diameter is one foot, is greater than '7, 78, '785, 
'7853, &c., &c., which are the measures of areas less than the 
circle. But the value is less than '8, '79, '786, '7854, &c., 
&c., which are the measures of areas greats than the circle. 

Each of these numbers is, in square feet, an approximate 
value for the area of the eircle. 

In the same way, the value of the incommensurable num- 
ber V 2, which is the measure of the diagonal of a square 
when the side is taken as standard of IragQi, is intermediate 
between the numbers 

1, 1-4, 1-41, 1-414, 1-4142, 
which are less than the diagonal, and the numbers 

2, 1-5, 1-42, 1-415, 1-4143, 
which are greater. 

These nrnnbers are all approximate values for the irrational 
number V2, those in the &*st set by defect, those in the se- 
cond by excess; and as the differences between I and 2, 1-4 
and 1*5, 1*41 and 142, i-414 and 1-415, 1*4142 and 1-4143, 
(which are equal respectively to 1, *^1, '01, -001, -OOOl), form 
a decreasing series of which * 1 is the ratio, it follows that 
^ther 1*4142 or W 143 wiH differ less from the correct value 
of \/2, than any of the previous numbm ; and the same 
willbetrneof l*414andl-415,orof l-41and 1-42, and soon. 

That is to say, the length of the diagonal can be expressed 
in commensurable mnnb^ with a greater decree of approxi- 
&ui.tion when the ten-^housaadtb part of the side is tuasa for 
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the term of comparison between it and the length of the side, 
than when the thousandth, or hundredth, or tenth, part is 
80 used. And, again, if the hundred-thousandth or millionth 
part of the side be used as common measure between the 
diagonal and the side, the length of the dia^nal may be ex- 
pressed in commensurable numbers with a still greater degree 
of approximation. 

4. In these and similar cases it is always possible to obtain 
for an incommensurable numerical expression a commensur- 
able value that shall differ from the true value by a quantity 
less than any given quantity however small. For, let the 
value be calculated to n dedmal places, and let a represent 
the number expressed by the digits obtained without taking 

account of the decimal point; then will represent the ap- 
proximate value by defect, and ^LIJ. the approximate value 

by excess. Either of these differs from the true value of the 
irrational number by a quantity less than the fraction -1^, 

and one of them by less than half this fraction. 

Let the operation be carried out to ^ more places, a' repre- 
senting the number expressed by the digits ; then ^^^^^ and 

^^i^ will be approximate values by defect and by excess of 

the irrational number, from which each will differ by a 

quantity less than the fraction and one of them by 

less than half this fraction. 

Now, the fraction — \ — k lesf than : so that by in- 
10"+" 10" ^ 

creasing suf&ciently the number of decimal places, a com- 
mensurable value may be found for the irrational number, 
such that it shall differ from the number by a quantity less 
than any assigned quantity however small. 

5. The approximate value, whether by defect or by ex- 
cess, that differs from the true value by a quantity less than 
half a unit of the nth order, is said to be the value of the 
irrational number to n dedmal places, and may be substi- 
tuted for the magnitude itself without sensible eiror; or, at 
least, with one which can be appreciated. 

6. Wbea opmtioiui are to be perfonned with irrational 
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numbers, the result can be obtained within any requisite de- 
gree of approximation by usng commensurable values suffi- 
ciently near to the given numbers. 

^ Suppose that A is to be multiplied by the incommensur- 
able number B, whose value is found to lie between — and 

10» 

The product of A and B will fall between — and 
10" ^ 10" 

^^10"^^ ^ between two numbers differii\g by the 

A 

quantity ; and as n may be taken suffi:ciently great to 

make this difference as small as may be re(juired, it follows 
that the product of A and B can be obtamed within any 
requisite degree of approximation. 

If the quotient of A by B is to be found true to n decimal 
places, it will be sufficient to calculate the quotient of A x 10" 
by B to the unit's place, and mark oiBT the required number 
of decimals. 

7. If relations be proved concerning geometrical mag- 
nitudes, the same, when translated into algebraical, or arith- 
metical language, will hold concerning the measures of these 
magnitudes, whether they be expressed by rational or 
irrational numbers. 

Thus, the XLVIIth Prop, of Book I. may be expressed 
arithmetically by stating, that in a right- angled triangle the 
sum of the second powers of the measures of the sides con- 
taining the right angle is equal to the second power of the 
measure of the hypotenuse. 

In like manner the Vth Prop, of Book II. may be ex- 
pressed arithmetically as follows: — "If a straight linel)e 
divided into two unequal, and also into two equal, parts, the 
product of the measures of the two unequal parts, together 
with the second power of the measure of tne part between the 
points of section, shall be equal to the second power of the 
measure of half the Kne." 

Hence, in geometrical relations concerning lines or sur- 
faces, the measures of these lines or surfaces may be substi- 
tuted without disturbing the relations. 

The term ratio in these lessons will signify the relation, 
not of the magnitudes themselves, but of £eir measures, and 
will be used in its arithmetical or algebraical sense to express 
that one quantity is a multiple, a part, or parts of another, as 
in Definitions 3, 4, and 5 of Book YII. of Euclid^s Elements. 
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PBBLIMINABT OEOMBTBIGAL PROPOSITIONS. 

8. If four points he equaUy distant from a fifth,^ the oppo^ 
site angles of the quadrilateral formed by joining these fouar 
points^ shall be together equal to two right angles, and con- 
versely. 

Let the four points, A, B, and 
D, be equally distant from a fifth 
point, O. Draw the straight lines, 
AB, BC, CD, DA, OA, OB^ OC, 
OD. 

Then BAO=ABO 
DAO=ADO 
DCO=CDO 
BCO=CBO 

Hence, 

BAO+DAO+DCO+BCO==ABO+ADO+CDO+CBO 
or, BAD+DCB=ADC+ABC 

But the sum of these four angles is equal to four right 
angles ; therefore, BAD+DCB, and ADC+ABC, are each 
equal to two right angles. 

Conversely, if in a quadrilateral the opposite angles be 
together equal to two right angles, a point can be found which 
shall be equally distant from the pomts of intersection of the 
sides. 

Let the ansles B and D of the quadrilateral ABCD be 
together equal to two right angles, and O a point equally dis- 
tant from A, B, and C. Draw the straight lines OA, OB, 
00, and OD. These straight lines shall be equal. 

For OA, /OB, and OC, are equal by construction, and if 
OD be not equal to them, take a part OD' equal to OA, or 
OB, or OC, and join A and D', C and D'. Then because A» 
B, C, and D', are equally distant from O, the angles ABC 
and AD'C are together equal to two right angles. And, 
by hypothesis, ABC and ADO are also equal to two right 
angles. Therefore, ADC and AD'C are equal, which is 
impossible. Therefore, OD is equal to OA, and OB, and 
OC. Th^fore, the point O is equally distant from the 
lour points A, B, C, and D. 

9. Jf four points be equally distant from a fifth, the angle 
contained by a diagonal and a sideoftne quadrilateral formed 
by joining the four points, shaU be equal to the angle contained 
by the other diagonal and the side opposite to the former side, 
caid conversely. 
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Let A, B, C, and D, be four 
points equally distant from a 
fifth point, O. Draw the straight 
lines AB, BC, CD, DA, AC, 
BD, OA, OB, OC, and OD. 

The angles ABD and ACD 
shall be equal. 

Produce BO to E, and CO to F : 
then A0E=2 ABO, 
D0E=2DB0; 
A0E-D0E=2(AB0-DB0), ^ , 
or, A0D=2ABD. ^ 

Also, D0F=2 DCO, A0F=2 ACO ; 
D0F+A0F=2 (DCO+ACO), or, A0D=2ACD ; 
therefore, ABp=ACD. 

It can be shown in a similar way that the angles, CBD 
and CAD, CAB and CDB, ACB and ADB, are equal. 

The converse of this proposition is easily proved by an in- 
direct demonstration. 

10, jy two triangles be equiangular^ and the sides contain' 
ing a pair of equal angles be considered, the rectangle con- 
tained by two aniomologous sides, shall be equal to the rectangle 
contained by the two remaining an/tomologous sides,* 

LetABC,DEP, 
be two equian- 
gular triangles, 
having the angles Cr.ir:' 
A, B, and C, re- ; \\ 
spectively equal j \ 
to D, E, and F. : 
Let the sides AB ! 
and BC, which -j^:'- 
contain the angle ^ 
B of the one, and the sides DE and £F which contain the 
angle E of the other, be those under consideration : then 
AB.EF shall be eaual to BC.DE. 

Produce FE; through E draw the straight line EG, 
parallel to FD, and in it find the point G, so that GH be 
at right angles to FE, and equal to AB. From G draw GI 
at right angles to DE; join HI, GD, and GF. 

Because the angles GHE and GIE are right angles, the 
four points G, H, E, and I, are equally distant firom a fifth. 




* In equiangular triangles, the sides opposite to equal angles are said to be 
bomologons ; and the sides not opposite to equal angles, to be anbomologoua. 
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Therefore (9) the angles GIH and GEH are equal, afi 
are also GHI and G£I. But GEH is e(|aal to ACB, be- 
cause both are equal to DFE ; and GEI is equal to BAG, 
because both are equal to EDF. Therefore, the two tri- 
angles ABC and GHI are equal. Therefore, GI is equal 
toBC. 

But the two trian^es GEF and GED are equal ; there- 
fore the rectangle EF.GH, which is double of the triangle 
GEF, is equal to the rectangle DE.GI, which b double of 
the triangle GED. And because GH=AB, and GI=BC, 
AB.EF=BC.DE 

It would be proved in the same way that 

BC.FD=CA.EF, and CA.DE=AB.FD. 

The proposition will be true if for the rectangles their 
measures be substituted. Therefore, if the measure of each 
side be represented by the small letter corresponding to the 
capital letter at the vertex of the angle opposite to it^ the 
relations may be written 

cxd==axf,axe=bxd^ bXf==cXe. 
From these, by division, 

c_/ a d h e 

a^lP 

That is to say that if two triangles be equiangular, the 
measures of their homologous sides shall be proportional. 

\\, If four points he equally extant from a J^A, the redans* 
^le contained by the diagonals of the quadrilateral formed by 
joining the four points shall be equal to the sum of the rectan* 
gles contained by the opposite siaesofthe quadrilateral* 

Let ABCD be the quadrila- ^ B 
teral formed by joiningthe four 
points A, B, C, and D, which 
are equally distant from a fif^. 
Draw the diagonals AC and 
BD, and at the point B with 
tiie side BC make the angle 
CBE equal to ABD. 

The two triangles ABD and ^ 
EBC are equiangular, because they have (9) ADB=ECB, 
and ABD=rEBC by construction. 

Therefore (10) BD.CE^BC.AD. 

The two triangles BDC and EAB are also equiangular, 
for they have (9) BDC=BAE, and DBC=DBE+EBC«: 
DBE+DBA=EBA. 
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Therefore, 

(10) BD.AE=CD.AB. 

But 

BD.CE+BD.AE=BD.AC. 

Therefore, 

BD.AC=BC.AD+CD.AB. 
This proposition is commonly referred to as Ptolemy's 
Theorem or Lemma. 




LESSON I. 

Anglee, and their Measares — Angular Functions— Their reciprocal 
relations. 

ANGLES, AND TEOBIB MEASURES. 

12. Let C'AC be a 
straight line, and AD a 
straight line drawn at 
ri^ht angles to it at the 
pomt A ; and let another 
straight line, having one 
of its extremities at A, be 
supposed to turn on this — y 
pomt, as on a pivot, and ^ 
to move in the same plane with AG and AD from the posi- 
tion of coincidence with AC to the position of coincidence 
with AD, and thence to the position of coincidence with AC. 

The diiferent inclinations to the straight line AC which 
the revolving line has in its several positions form so many 
angles CAB, CAB', CAD, CAB'", increasing gradually in 
magnitude from acute to obtuse. 

When the revolving line becomes coincident with AC it 
has strictly speaking no inclination to the straight line AC, 
and in this sense cannot be said to form any angle with it 
As, however, a straight line that should move fi^m the po- 
sition of coincidence with AD to the position of coincidence 
with AC makes with the straight line AD a right angle, as 
well as a straight line moving from the position AC to the 
position AD makes a right angle with its initial position 
AC, it is customary in Mathematics to express the fact that 
a straight line is considered to have moved from its original 
position into one which is coincident with the continuation of 
the initial straight line, by stating that it then forms with 
the initial straight line an angle which is equal to two right 
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It IS in this sense that an angle is said to be equal to two 
nght angles. 

13. The right angle being a fixed magnitude, any angle 
will become quite determin^ when its rdation to the right 
angle is known. The right angle is, therefore, taken as the 
standard, and the measure of any given angle is found by 
comparing it with the right angle. 

For the purposes of measurement the right angle is divided 
into ninety equal parts called degrees; each degree into sixty 
equal parts callea minutes ; and each minute into sixty equal 
parts called seconds. So that the minute is the 5,400th part, 
and the second, the 324,000th part, of the right angle. If it 
be required to have a closer approximation to the ratio which 
an angle bears to the right angle than can be obtained b^ 
taking a second for common measure, decimal, not sexagesi- 
mal, subdivisions o£ the second are used. 

The value of the ratio which an angle bears to the right 
angle — that is, the measure of the angle — is expressed in de- 
grees, minutes, seconds, and decimal parts of a second. 

Thus, if the angle CAB be the ^ of a right angle, it will 
have for its measure, 38 degrees, 34 minutes, 17*13 seconds, 
which is written 38° 34' 17"-13. 

When the measure of an angle is represented by a letter, 
it is not usual to annex any of the marks °, ". The let- 
ters generally employed are the capital letters of the Roman 
alphabet and the small letters of the Greek alphabet. 

The right angle is represented by 90°, and sometimes by 

the character 

An angle equal to two right angles will be expressed by 
180°, or by v. 

14. When two angles taken together make up one right 
angle, they are said to be complementary angles^ or one is the 
complement of the other. 

Thus, if A+B=90°, the angles A and B are comple- 
mentary. 

Again, an angle of 73° 14' is the complement of, or has for 
its complement, an angle of 16° 46'. 

15. When two angles taken together make up two right 
angles, they are said to be supplementary angles, or one is the 
supplement of the other. 



us, if a-fj3=180°, the angles a and /3 are supplementary. 
Again, because 49° 12' 37" and 130° 47' 23" are equal to 
180°, an angle of 49^ 12' 37" will be the supplement of, or 
will have for its supplement, an angle of 130° 47' 23". 
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ANGITLAB FUNCTIONS. 

16. If from any point B in one of 
the sides AB of tHe angle CAB, a 
straight line BC be drawn at right 
angles to the other side AC, the sides 
of the right angled triangle B AC thus 
formed, give rise, by the comparison 
of their measures two and two together, 
to the six following ratios : — 

BC BC AB 
AB' AC' AC' 
AB AC AC 
BC' BC' AB' 

As all the right-angled triangles diat can be formed by 
the foregoing construction, wheresoever the point B is taken 
on either of the sides of the given angle, are equiangular, the 
ratios resulting from the comparison of the sides of each of 
these triangles will be equal to the ratios just set down. 

These six ratios, whose values do not change when the 
angle CAB remains the same, are functions of the angle, and 
are called its angular Jimctions, 

They are also called trigonometrical functions and circular 
functions. 

BC 

17. The ratio(— ) which the measure of the straight 

line (BC) drawn from a point (B) in one of the sides of an 
angle (CAB) at right angles to the other side, bears to the . 
measure of the part (AB) of the first side intercepted be- 
tween the perpendicular and the vertex (A) of the angle, is 
called the sine of the angle (CAB), and is represented by sin. 

Thus, 2^=sin CAB, and ?5=sin CAD. 
' AB 'AD 
BC 

18. The ratio ( j^) which the measure of the straight 

line (BC) drawn from a point (B) in one of the sides of an 
angle (CAB) at right angles to the other side, bears to the 
measure of the part (AC) of this latter side intercepted be- 
tween the perpendicular and the vertex (A) of the angle, is 
called the tangent of the an^e (CAB), and is represented by 
tan. 

Thus, ?§==tan CAB, and 5?=taii CAD. 
AC A£* 
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19. The ratio (^) which the measure of the intercept 

(AB) between the vertex (A) of the angle (CAB) and a 
point (B) in one of the sides from which a straight line is 
drawn at right angles to the other side, has to the measure of 
the intercept (AC) on this side between the vertex (A) of 
the angle and the perpendicular, is called the secant of the 
angle CAB, and is represented by sec. 

Thus, 4^ = sec CAB, and ^=8ec CAD. 
AC AE 

20. The three remaining angular functions of the angle 
CAB, 

AB AC AC 

BC/ BC' AB' 

are called respectively, 

the cosecant, the cotangent^ and the cosine 

of the angle CAB, and are represented by 

cosec cot cos 

Thus, 

^=cosec CAB, gg=cot CAB, and^=cos CAB 

^=cosec CAD,^=cot CAD, and:^=cos CAD 
DE DE AD 

The angular functions most used are the sine, thetangent, 
and the cosine. 

BEGIPBOOAL BBLATIONS OF THE ANQTTLAB PTTNOTIONS. 

21. A comparison of the ratios which constitute the six 
angular functions shows that for any angle the sine and co« 
secant, the tangent and cotangent, the secant and cosine, are 
reciprocals. 

Hence, A representing an angle. 



and 



sin A= — - — tan As=r — L_, sec A= — 

cosec A cot A eosA 

cos A= — cot A= — L_, cosec A=— L_ . 
see A tan A sm A 
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LESSON II. 

Variation of the angular functione in Magnitude and in Sign — Com- 
plementary and Supplementary relations — Tabular Logarithms of 
angular functions. 

VAWATION OF THE ANGULAR FUNCTIONS IN HAGNITUDB. 

22. K a straight line be 
supposed to turn on the 
point A in the straight 
line C'C, from the posi- 
tion AC to the position 
AC, the angle which it 
makes with the initial 
position AC will pass 
through all possible mag- 
nitudes from 0°to 180°. 
Let AB,AB;, AB", AB'" 
be some of its successive 
positions, and let AD be at right angles to AC. 

From the points C and C draw straight lines at right angles 
to CAC, meeting in B and B' the straight lines AB and 
AB', and in B" and B'" the straight lines AB" and AB'". 
From the point C draw the straight lines CM, CM', CM", 
CM''' at nght angles to the straight lines AB, AB', AB", 
AB'". 
Then, 




(17) sin CAB=^, sin CAB' = sin CAB" = 



CM' 



AC 



sin CAB'"= 



AC 
CM" 



CM" 
AC' 



BC 



(18) tan CAB=|^, tan CAB' = 
,tan CAB'"= 

(20) CDS CAB=^, cos CAB': 
COS CAB"'= 



AC 
BC 
AC 
B"'C' 
AC' 
_AM' 
~AC' 
AM'" 



, tan CAB"= 



BTC' 
AC' 



COS CAB"= 



AM" 
= AC' 



AC 



23. While the straight line moves from AC towards AD, 
that is, when the angle increases from 0° towards 90", the an- 
tecedents (CM, CM') of the ratios for the sine increase, the 
consequents remaining the same : and therefore the numeri- 
cal values of the ratios increase. 
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When the reyolying line comes to coincide with AD, the 
antecedent and the consequent are equal, and the ratio has 1 
for its value. 

When the straight line moves from AD towards AC, that 
is, when the angle continues to increase towards 180°, the 
antecedents decrease, the consequents remaining the same ; 
the values of the ratios are, therefore, less and less. 

When the moving line coincides with AC, or "mth AC, 
that is, when the angles are respectively 0° or 180**, the ratios 
have no value, because their antecedents vanish. This is ex - 
pressed by the following notation: — 

sin 0«=0, sin 180*=0. 

The symbol is in this way used in mathematical for- 
mulae to indicate that the quantities which are made equal 
to it can be decreased without limit ; can be made smaller 
than any assignable quantity. In the case in point it signi- 
fies that the angle can be taien so small, or so near to 180*, 
that its sine shall be less than any given number, however 
small. 

Hence it follows, that when the angle increases 
from 0° to 90° ) . / increases from to I 
from 90* to 180^ J uiesme I decreases from I to 

24. When the straight line moves from AC towards AD, 
the antecedents (BC, B'C) of the ratios for the tangent in- 
crease indefinitely in length, so that it will be always possible 
to find one that shall exceed any given length however ^at ; 
therefore, the numerical values of the ratios increase without 
limit. 

When the straight line coincides with AD, the value of 
the ratio, which has been increasing indefinitely while the 
revolving line was approaching indefinitely near to AD, 
becomes greater than any assignable number. It is under 
these circumstances said to become infinite at the limit, and 
this is expressed by writing tan 90o= » . 

This symbol » is used in mathematical formulas to indi- 
cate that the (^iiantities which are said to be equal to it can 
be increased without limit ; can be made to exceed any mag- 
nitude of the same kind howev^ great. 

If the straight line, after coinciding with AD, continues to 
move towards AC, the antecedents will decrease, and conse- 
quently the numerical values of the ratios will also decrease. 

When the straight line coincides with AC, or with AC, 
the antecedents vanish, and there is no nmnerical value for 
the ratio. The notation by which this is represented is, 
tan 0°=0, tan 180°=0. 



Digitized by 



li PLANE TBIOONOHBTBT. [lESS. Tt. 

It appears, then, from this discussion, that when an angle 
increases 

from 0® to 90" ) x^^^^^f f increases from to ao 
fix)m 90*to 180« decreases from « to 

25. In the same way it will appear that when the angle 
increases 

from 0"to 90" ).,.„^f decreases from 1 to 
from 90»to 180" j"*®^"^®! increases from to 1 
The variations in magnitude of the other angular functions 
may be exhibited by a similar process. 

YABIATION OF THE ANQULAB PUKOTIONS IN SIGN. 

26. In many mathematical investigations it is necessary to 
know not only the length of certain fines, but also their posi- 
tion with reference to one another, or with reference to cer- 
tain fines or points which are regarded as fixed. For this 
purpose it is usual to prefix to the number expressing the 
measure of the fine the sign -|-, or the sign — , according as 
the fine is placed on one side or the other of certain deter- 
mined parts of a diagram. 

For mstance, with reference to the two straight fines AC 
and AD, the lengths of straight lines (such as AC) measured 
in the direction AC to the right of AD have the sijp;n -|- pre- 
fixed, and those measured on the opposite side of AD have 
the sign — . 

The lengths of straight lines (such as CB, C'B") measured 
in the dir^on AD, above the straight line AC, have the 
sign -|-, and those measured below that fine would have the 
sign — prefixed . 

A similar understanding holds with reference to the re- 
volving fine ; and the straight fines CM, CM', CM", CM'", 
will have the sign -f- pre&ed to their measures, because 
they are aU conceived to fie above the revolving line. 

Again, the measures of AM and AM' wiU have the sign 
-|-, because taken from the origin A on the revolving fine 
itself, whereas the measiures of £M." and AM''' wiU have the 
sign — , because taken, not on the revolving line, but on its 
prolongation. 

27. Hence, in order to ^ve the angidar frmctions their 
proper signs, it will be sufficient to examine the position, with 
reference to the origin and the initial line, of the straight 
fines which make up the several ratios. 

For aU angles not greater than one right angle, the angular 
frmctions will aU have the sign because both the ante- 
cedents and the consequents are positive. 
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For all angles greater than a right angle, but not greater 
than two right angles, the sine will be positive, because both 
the antecedent and the consequent are positive ; the tangent 
will be negative, because the antecedent is positive and the 
consequent negative ; the cosine will be negative, because the 
antecedent is negative and the consec^uent positive. The 
secant and cotangent will also be negative, but the cosecant 
positive. 

COMPLEMENTABY AND STTPPLEMENTAB7 BELATI0N8 OF 
ANGULAB FUNCTIONS. 

28. Let CAB be an angle, and CB 
a straight line at right angles to AC. 

The two angles CAB, CBA are 
complementary, and if the former 
be represented by A, the latter will 
have for its expression 90**- A. 

Now, with reference to the former 
of these angles, the ratios 

BC BC AB AC AC AB 
AB' AC' AC' IF BC' BC' 
are the sine, tangent, secant, cosine, cotangent, cosecant, 
while with reference to the latter angle, they are 
the cosine, cotangent, cosecant, sine, tangent, 

Hence the following complmentary relations of the angu- 
lar functions: 

sin A=cos (DC-A), tan A=cot (90o- A), 

8ecA=cosec (90*- A), 
cos A=sin (9(y*-A), cot A=tan (90*- A), 

cosec A=sec (90' - A) . 

29. Let CAB be any 
angle A, and CAB' its sup- 
plement 180"- A. 

From the point C draw 
the straight lines CM, 
and CM', at right angles 
to AB and to AB' pro- — 
duced. 

The two triangles CAM 
and CAM' being equal, the 
angular functions of the 
two angles CAB and CAB' are equal each to each in mag- 
nitude. But whereas the angular functions of the former are 
positive, the angle being less than aright angle, die sine and 
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cosecant alone of the latter are positive, while its other func- 
tions are negative. 

If, on the other hand, the angle CAB', greater than a 
right angle, be represented by A, and its supplement CAB 
by 180*- A, the sme and cosecant of A shall be positive, and 
its remaining angular functions negative, while all the ap- 
gular functions of )80*— A shall be positive. 

In either case, whether an angle A be acute or obtuse, the 
following are the supplementary relations of its angular fiinc- 
tions: 

sin A=5=sin(l80»-A), tan A=-tan(180'*-A), 

sec A=-sec(l80"-A), 
cos A=~cos(180°-A), cot A=-cot(180*-A), 
cosec A=cosec(180**- A). 

TABULAR LOGABITHMS OF ANGULAB FUKCTIONS. 

30. From the preceding paragraphs it appears that if the 
values of the angular functions of all angles from 0" to 45" be 
known, those of the angular functions of all angles not ex- 
ceeding ISC'* can be at once determined. 

The values of the angular functions have been calculated 
with a sufficient degree of approximation for a series of 
angles increasing by 1' from 0" to 45", and have been regis- 
tered in tables called *' Tables of Natural Sines,*' &c., from 
which not only the value of an angular function of a given 
an^le may be determined, but also the angle itself when one 
of its angular functions is a given number. 

In most cases, however, computations are to be performed 
by means of logarithms. Tables available for this purpose . 
have therefore been constructed ; but only the mantissae cor- 
responding to the several angles are those of the logarithms 
to the base 10 of the numbers expressing the angukr func- 
tions ; whereas the registered characteristics are in all in- 
stances greater by 10 than those of the logarithms to the 
base 10. 

Thus, sin 22« 30' is_ -3826834 

logarithm to base 10 of sin 22<* 30" is 1*5628397 
logarithm registered in tables for sin 22** 30' is 9*5828397. 

It will not, therefore, be sufficient to express a formula 
logarithmically in order to be able to make use of the tables ; 
it will be necessary to take into account this difiference be- 
tween the logarithm of the value of an angular function and 
the logarithm entered in the tables as corresponding to it. 
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The registered logarithms may, for the sake of distinctness, 
be called the Tabular Logarithms of the angular functions, 
and will be indicated by the symbol L, while 1 will be used 
to indicate the logarithms taken to the base 10. 

Then, 

1 sin A=L sin A-IO, 1 tan A=L tan A- 10, 

1 sec A=L sec A - 1 0, 
1 cos A=L cos A- 10, 1 cot A=L cot A- 10, 
1 cosec A=L cosec A -10. 

31. When a formula has been expressed logarithmically 
with reference to the base 10, the logarithms of the anguUu* 
functions must be replaced by their values in terms of the 
corresponding Tabular Logarithms. 

For instance, the formula sin A== — J becomes when 

a sm B 

expressed logarithmically to the base lO 

1 sin A=l^ -la-1 sin B 
and when adapted for the tables 

^L sin A- 10) =l&-la- (L sin B-lO) 

or 

L sin A=lft-la-L an B-|-20. 



LESSON IIL 

Formul® and Rules for the solution of Right- Angled Triangles. 

32. In formulas expressing relations connecting the several 
parts of a triangle, it is usual to represent the angles by the 
letters A, B, and C, and the sides opposite to these angles by 
the corresponding small letters a, 6, and c. 

In a right-angled triangle, the right angle will be the 
angle represented by C. 

33. In the solution of right-angled triangles, four cases 
may be distinguished. There may be given 

1 . The two sides, 

2. One side and an angle, 

3. The hypotenuse and an angle, 

4. The hypotenuse and a side ; 

and it may be required from these data to determine the 
remaining parts, or one or two of them. 
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34. Cabb I. — GiYea the two sides, to find tlie reoiaining 
parts. 

(18) tan A-^ 

and (17) sin A=-, wkence c=g . ^ . ■ 

^ c* sin A 

Therefore, 

1 tan A=la — ^15, and \c=\a — 1 sin A ; 
(L tan A— 10)=la— 1ft, and lc=Li— (L sin A— 10), 
or L tan A=10+hi— 1ft, and lc=10+la— L sin A. 
B=9(r— A. 

Rule. — To find one of the angles, add 10 to the logarithm 
of the side opposite to the required angle, and from the sum 
take the logarithm of the other side ; the result will be the 
tabular logarithm of the tan^nt of the angle. 

When one of the angles is found, take its measure from 
90% and the difference wS\ be the second angle. 

To find the hypotenuse, add 10 to the logarithm of one of 
the ^ven sides, and from the sum subtract the tabular 
logarithm of the sine of the angle opposite to it ; the result 
wSl be the logarithm of the hypotenuse. 

Example I. — Given a=:l 11-45, and ft=247'58 chains. 



Computation for J. 
10+1.111*45,. . 1S0460801 

—1. 247-68,. . . 2aW716€ 



LtanA, . . 9*6523645 

L tan 240 ir, . 9*6628123 

9", 622 

A=24« 11' 9^. 



Con^nUationJbr e. 
le+L 111-45. . . 12-0460801 

— L lin 24« ir. . . 9*6124211 
9", . 422 



k, ... 2-4386168 
c=271*4, flhaiafl. 



B=65« 48' 6ir 



Eykrotsrs. 

1. Given ars543-92 feet, and ft«226-63 feet, to calculate the 
hypotenuse and the angles. 

2. Given a =3 and ft^G in a right-angled triangle, to find the 
angles. 

3. To compnte the angles and hjni^tennse in a right-angled 
triangle whose sides are 47*19 and 12*177 chains. 

4. Given in a right-angled triangle a= 649*944 and 5=45-432; 
to find the hypotenuse and angles. 

5. If the sides of a right-angled triangle are equal respectively 
to 162*63 and 360*651 chains, what will be the angles and 
the hypotenuse ? 
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35. Case 11. — Given a side and an angle, to find the re- 
maining parts. 

1. Let A be the given angle, and a the given side. 
Then, B=90"~A 

(17) -=sin A: whence c — . ° . 
^ ^ c ^ sin A 

(18) 7=tanA: whence 5=—^^ 
^ h ' tan A. 

Therefore, 

lc=la — 1 sin A, and \b=\a—X tan A ; 

whence lc=la — (L sin A — 10), and V)=\a — (Ltan A — 10), 
or lc~ 1 Q-\Aa — L sin A, and \b= 1 0+la— L tan A. 

Rule. — When an angle and the opposite side are given, 
to find the hypotenuse, add 10 to the logarithm of the side, 
and from the result subtract the tabular logarithm of the 
sine of the angle; the difference will be the logarithm of the 
hypotenuse. 

To find the other side, add 10 to iJie logarithm of the 
given side, and from the resuk subtract the tabular logarithm 
of the tangent of the angle; the difference will be the 
logarithm of the required side. 

- 2. Let A be the given angle, and h the given side. 

Then, B=^»— A 

(20) -=cos A; whence c= — ^-r- 

C COS.A 

(18) ^=t*'i -A.; wh^ce a=A tan A. 

When expressed logarithmically, these formulse become 

\c=]b — 1 cos A, and la=li+i tan A, 

or \c=]Ih- (L cos A— 10), and la=]b+(L tan A— 10), 
that is, 

k=10+li— L cos A, and h»lft+L tan A— 10. 

Rule.— When an angle and the adjacent side are given, 
to find the hypotenuse, add 10 to the logarithm of the side, 
and from the result subtract the tabular logarithm of the 
cosine of the angle; the difference will be the logarithm of 
the hypotenuse. 

To find the side opposite to the given angle, add to the 
logarithm of the eiven side the tabular logarithm of the 
tangent of the an^e, and from the result subtract 10; the 
remainder will be the logarithm of the required side. 



y Google 



20 PLANS TBIQOHOMSTBT. [lB88. IU. 

Example II.— Given in a right-angled triangle A =68* 42', and 
a =4837 feet, to find the hjrpotenuse and the other side. 



ComptUation/or c. 

10+1.4837, . . 18-6845761 

— L 8in 68"* 42^, 9*9692720 

Ic, ... 8-7153041 
c=5191-65. 



Computation for b. 

lO+l. 4837, . . 13-6845761 

— Ltsn68o42', . . 10-4000649 



1», ... 8-2755112 
»=1885-87. 

Example m.—Given A=48' 13' 28", and »=:384-9 feet, to cal- 
culate the hypotenuBe and the side a. 

Computation for e. I Computati<m/or n. 

10+1. 384-9, . . 12-5853479 ' 1. 384-9, .... 2-5853479 

— Loo8 48«14', . 9 8235386 , +Ltsn 480 13', . 10H)48866« 

32", . . 754 28", 1187 

-10 

Ic, ... 2-7617339 15, .... 26343332 
c=577-74. I 6=430-85. 



EStfittdSES. 

6. In a right-angled triangle the angle A is 39" 27' 43", and the 
opposite side is 13*8 chains ; compute the remaming parts. 

7. If A=29<* 43', and a= 486-82 feet, find the remaming parts of 
the right-angled triangle. 

8. Given B=19n2'15", and a=15-37feet, to find the hypo- 
tenuse and the remaining sidd. 

9. Given A=;:49* 47' 6", and 6 = 8374-5 feet, to compute the re- 
maining parts of the right-angled triangle. 

10. In a right-angled triangle, given B=57" 58' 36", and 6=27 
feet, to find the remaining parts. 

11. Given an angle of a right-angled triangle, 73" 65', and the 
side adjacent to it, 1537 inches, to compute the hypotenuse and the 
other side. 



36. Case HL — Given the hypotenuse and an angle, to 
find the sides. 

Let A be the given angle, then B=90* — A. 

(17) ~=sin A, whence cp=c sin A. 

(20) ^cos A, whence h=c cos A. 

Hence the logarithmic formulsB are, 

la=lc+l sin A, and li=lc+l cos A, 

or, la=lc+(L sin A— 10), and \b=\c-\- (L cos A — 10), 
that is, 

Lgr=lc+ L sin A — 1 0, and l^k+L cos A— 1 0. 
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Rui.s. — ^To find the side opposite to the given angle, add to 
the logarithm of the hypotenuse the tabular logariuim of the 
sine of the given an^le, and take 1 from the result ; the re- 
mainder is tiie loganthm of the side. 

To find the side adjacent to the given angle, add to the 
logarithm of the hypotenuse the tabular logarithm of the 
cosine of the angle, and take 10 from the result; the re- 
mainder will be &e logarithm of the required side. 

ExAMFLE IV,— Given c= 673-54 feet, and B=35* 12' 34", to find 
the remaining parts of the right-angled triangle. 



Computaiion/or a. 

1.678-54, . . . 2-8315T55 

+LoosS5«13', . . 9-9122099 



—10 



la, . . . 
a=r654-4 feet 



2-7438240 

A5=Mo47'26^ 



1. 678-54, .... 2-8315755 

+ L8in35«12', . 9*7607483 

34", . 1016 

—10 

\b, . , . 2*5924258 
6=391-22 feet 



Exercises^ 

12. GKven in a right-angled triangle the hypotenuse, 291 feet, 
and one of the angles, 47** 55, to find the remaining parts. 

13. Given c=3245 chains, and B=57* 13', find the sides of the 
right-angled triangle. 

14. Given c=21-543 chains, and A=61' 40' 15", find the sides of 
the right-angled triangle. 

15. When the hjrpotenuse is 15*23 chains, and one of the angles 
8* 37', what is the length of each of the two sides? 

16. In a right-angled triangle one of the angles is 75* 14' 48", 
and the hypotenuse is 49*231 ^ compute the two sides. 



37. CaselV. — Given the hypotenuse and one side, to find 
the angles and the remaining side. 
Let a be the given side. 

Then, (17) sinA:t=f, 

(20) cosA=-, whence b=^c cos A. 
c 

Then, 1 sin A=la — Ic, and lA=lc-|- 1 cos A, 

(LsinA— 10)=la— Ic, and li==lc4- (LcosA— 10) ; 
or, L sin A3=10+lflr— I'?, and lft=lc-|-L cos A— 10, 

R^.go'*— A. 
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Rule — ^To find the angle opposite to the given side, add 
10 to the logarithm of tfaia side^ and from the sum subtract the - 
logarithm or the hypotenuse ^ the result will be the tabular 
lo^rithm of the sine of the required angle; 

To find the second side, to the logarithm of the faypot^use 
add the tabular logarithm o£ the cosine of the given an^e, 
and diminish the sum by 10 ; the result will betl^ logari£m 
of the required nde. 

When the angle opposite to the given »de is found, the 
other angle will be the difierence between it and 90®, 

Example V. — In a right-angled triai^le the hTpotenuse is ^71 *4S 
feet, and one of the sides is X8&'5 feet. Required the remaimng: 
parts. 



ComptOatfonJbr A. 
10+1. 183-5, . . 12-36363S1 

—1.871 -43,. . . 2-5698770 



LsittA, . 9-6937591 

L Bin 29* 36^ . 9-69367M 



22", 833 
A=29» 9ff 22". 



I. 371-43, . . . 2-5698770 

+Looa29»37' . . 9-939195* 

38^ . . 456 

_to 

\b, . . , 2-5091 17» 
fr=322^ feet. 



B=60» 23^88". 



17. Given the hypotenuse 15*^ and one side 4*3 furlongs ; find the 
angles and the second side. 

la Given c=s 4978*79 feet, and a=7B5'Sd feet, to compate the 
side b and the angles. 

19. In a rigbt-angled trfangie, given 6=4-875 and ca 10*45, to 
find the other side and the angles. 

20. Find the angles of a ri^t-angled triangle in which the hypo- 
tenuse measures 32-45 chains^ and one of the sides 17*57 diains. 



The student may now pass on to the Lesson on Navka- 
tion ; for no more of Trigonometry than is to be learned in 
the three foregoing lessons is needed for the solution of 
problems belon^g to Plane, ParaUelf Middle LaHMey or 
lihrcatarh SaUmg, 
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LESSON IV. 

Relations connecting the angular functions of an angle — Relations 
connecting the angular functions of an angle ivith those of iig half— 
Examples and Exercises. 

BELATIONS OONNECTING THE ANGTTLAB VUNCTIOKS OF 
AN AN6LB. 

38. The tangent of an angle is equai to the sine divided by 
the cosine of the angle. 

Let CAB (28) be an angle less than a rigLt angle, and let 
it be represented by A. Draw the straight line CB at right 
angles to AO. 

Then^ 

(18) tan A=|5, (17) sin A=|^, (20) coa A=^. 
Bat 

Therefore, 



BC_ BC^AC 
AC AB ' AB^ 

tanA=^LA. 
cos A 



If the givea angle be greater than a Tight angle, and ie<^ 
presented by A', then its supplement, 180® — ^A', will be les» 
than a right angle, and from what has just been provedr 
taa (iftno-A.)- S^(180--A0 
^ cos(180*-AO 

But 

(29) tan(180^-AO= - tan (A'), sin (180*- A')=sin A', 
and cos (180»-AO= — A'. 

Therefore, 

A/ smA' . sin A' 

—tan A'= — , or tan A'= 

-COB A' cos A' 

The theorem is, therefore, true for all angles that do not 

exceed two right angles. 

39. The swn of the squares of the sine and cosine of an 
onsle is equal to 1. 

The right-angled triangleACB(28) grresBC^-f-AC'-AB*: 
substituting for the geometrical magnitudes their measures, 
and diridii^ both sides of the equation by AB*, the foUow- 
mg relation is obtained : 

BC«, AC« , /BCx« /ACx« , 
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Therefore, when A is less than a right angle, 
sin* A+cos* A= 1 .* 

If the given angle A' be greater than a right angle, 
180°— A' will be less than a ri^t angle, and therefore, 

8in«(180°-A)+cos«(180"-AO=l. 
But sin (180°-A')=8in A', cos (180°-A')= -cos A'. 
Therefore, 

sin»A'+cos«A'=l. 
The theorem is true for all angles that do not exceed two 
right angles. 

40. The square of the secant of an angle exceeds by I the 
square of the tangent of the angle. 

If in the relation BC»+AC'«= AB«, derived from the right- 
angled triangle ACB (28), the geometrical magnitudes be 
replaced by th^ measures, and both sides be divided by AC*, 
it becomes 

AB« , , BC« /ABx« , , /BC>.« 

Hence, when the angle CAB or A is less than a right angle, 
sec* A= 1 -j-tan' A. 

If the given angle A' be greater than a right angle, but 
less than two right angles, then 180° - A' will be less than a 
right angle, and the preceding form^da holds for this angle, 
that is to say, 

sec*(l80o.^A')=l +tan«(180O-A'). 
But sec (180°— A')=-sec A', tan (180° -A')=— tan A'. 
Therefore, 

sec'A'=l -[-tan*A',. 
The theorem holds for angles not greater than two right 
angles. 

The relation sec*A=14-tan'A can. be derived from the 
relation (39). Dividing by cos* A both sides of the equation 
sin'A+cos'A=l 

the result will be ^^^3^ +1== — \-r— 
cos*A ' cos* A. 

But (38) =tanA, and (21) ~J^=^®^ 

Therefore, tan'A+l=sec'A. 



* The power of an angular function is ezpreaaed by pladng the index between 
the name of the function and the measure of the KUffe. 
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BXLATIONS <<H)llNB0Tnra THE ANOULAB FUKOTIONS OF AN 
ANGLE AND THOSB OF ITS HALF. 

41. The 81316 of an angle is equal to tioice the product of th^ 
sine qf half the angle by. the cosine of half the angle. 

Let BAC be an angle less than 
a right «angle, and represented by 

A. And let this angle' be bisected 
by the straight line AD. 

Through A draw the straight 
line AE at ri^ht angles to AO.; 
through any point B-m the straight 
line AD, draw DC, DB, DE, at 
right angles to AC, AB, and AE. 
Draw the straight lines BC, BE, and EC. 

Because the angles ABD and ACD are right angles, the 
four points A, C, 6, B, are equally distant from a fifth (8); 
and so arc the four points A, D, B, E (9), because the angles 
AED and ABD are equal Hence the "five points A, C, D, 

B, E, are equally distant iW>m the same point, and conse- 
quently the angle BEC is equal-'to the given angle BAC (9). 

The quadrilateral ACDB ^ves (1 1) 

BC.AD=DC.AB4-DB.AC. 
Or, because by construction DB=DO, and AC=AB, 
BC.AD=2 DC.AB. 
By substituting for the surfaces their measures, and then 
dividing by AD', this equation becomes, 
:BC_ DCAB 
AD~^ADAD 

But, '?9=lP=^sm BEC=sin A 

AD EC 

5^=fiin DAC=siniA, and :^«cos BAD=co8 A A. 
AD - ' AD ' 

Hence, sin A=2 sin ^A cos ^A. 

When the given angle A' exceeds a right angle, then 
160° - A' is. less than a right >angle, and, therefore, 

sin(l80°-AO=2 sin i(180<»-A) cos i080**-A'), 
that is, 

sin(180o -A0==2 sin(9fl<» - JA^ cosCSO** - JA'), 

and as (29) 8in(180°— A')=sin A', the foregoing expression 
becomes, 

sin A'=r2 cos ^A' sin ^A'. 
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42; The come of cHi ^rt^ ii e^und to the difference he^ 
tween the sqvaree of the noeine Mid sine of half the angle. 

The same constraction being made as in (41), the quadri- 
latel'al ADBE gives, 

AB.ED=BD.AE+AD.BE, or, AB«=BD»+AD.BE, 
because, by construction, AB=^BD, and BDcaeAA. 

Afler replacing the geometrical magnitude!^ by dieit 
measures, and divicfing both sides by AB*, the last relation 
becomes, 

AB«_BD» BE or('^^W^^VrJ^>* 
AD* AD«~*"AD' ^AD^ ^AD-'"^^AD^' 

But, jg=<^* BAD=co8 JA, ^s=tsin BAD^sin JA, and 



^^rf;^coi BEC=cos A. 
AD EC 

Hence, cos*^ JA=sin* JA-f cos A, 

and, therefore, cos A=co8* J A — sin* ^A, 

If the angle A' lies between 90^ and 180<^, the formula YnH 
hold for its sapplement 180*^ — ^A'; therefore, 

cos(180«— AO=eoB» i(180«>— A')— sin* i(180<>— A') 
=008* (90°— iAO-^sin* (90O— JA'). 
Now, (29) cos(180«— A')=— COB A'; 

and (28) cos(90»— $A)=sin JA', sin(90O— iA')=cos JA' ; 
tiierefore, — cos A'=sin* |A' — cos* J A', 
or, changing the signs on both ndes of the equation, 
eofr A'=:cos* 4 A'— sin* JA'. 

43. The tangent of an angle is egwd to the quotient of twice 
the tangent of hoJtf the angle, by the difference between 1 €md 
the square of the tangent of half the angle. 

The same conBtrud^On being made as in (41), the two 
quadrilateralB ACD6 and ADBE give 
BC.AD==2 DB.AB 
KB.AD= AB»— bD«. 
Replacing the surfaces by their measuites, and dividing the 
corresponding sides of these equations tbe one by the other, 
the result wiU be 

DB 

BC_ 2DRAB_ BC__JaB^ 
BE AB*— BD»' r22f 

^AB^ 

after dividing by AB* botk terms of the second fraotion^ 
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Now, 5^=tan BEC=tan A, $?=tan DAB=tan A A. 
BE AB 

Therefore, tan A==: ^ ^i^ , 

1— tan« JA 

That the th^brem holds when the giy^ angle exceeds a 
right angle may be shown as follows : 

Let A' be an angle greater than a right angle, then the 
angle 180<>— A' will be leas tiiaii a right angle, and, th&teSae^ 

tanOgOo-AO^ ^^*OQ^°-A:>> . 

^ 2 tan(90<'— jAQ 
1— tail* (90°~iA')* 
But (29) tah(18(r— A0=— tanA', 

and (28) tan(90«--iA0=cot ^A'. 

Therefore, — t4h A'= ASSll^ . 
' 1— cot« iAr 

or, multiplying both terms of th€f fraction by tan« J A', and 
bearing m mind that 

(21) tan JA' cot iA'=l, tan? }A' cot« iA'=l, 

--4an A'=.?^*LMU ^cetaii A'=. JifSi^,. 

tatna 1 1— tan* JA' 

This theorem may be deriived iitdtt the two |>re«)edi&g 
theorems. 

For (41) an A=2 sin J A cos JA 
(42) cds A=cos» iA—sin* JA. 
Dividing tiie one by the other the cotrespondObg sides of 
these eiq.uations, the residt wifl be 

g sin ^ A 

sin A 2 sin j A 60s jfA cos ^A 

cos A cos«iA— fe^iA ^ sm'^A * 



^^ ^1-tan^V 



Cbs^iA 



lilXAHFLES Altb" lltEBiOISJte. 
Som^ of thiese examples and exercises require an acquaint- 
ance with quadratic equations^ and many of them depend for 
their solution u^pon one or miM of the Others. If the stu- 
dent, in working them out for the first time, should not see 
his way to the solution Of an elorcise after a few attempts, 
let him pass on to others, and afterwards retrace his steps, 
asH} try a^aixt the exercises he has failed to solve. 

o2 
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Examples. 

Example I. — Prove that if the angles 
A, B, and A+B, be respectiv^y less than 
one right angle, 
8in(A+B)=8in A cos B+sin B cos A. 
Let CAB be-the angle A, and BAD tbe 
angle B. From the point A in the straight 
line AG draw AE at right aagles to it, and 
from any poiat B, in straight line AB, 
draw the straight lines BC, BD, BE, at 

right angles to AC, AD, and AK '^oin the 

pomts C and D, C and E, D and E. A C 

Then, BC=AE, BE=AC, BAr=EC ; and because the points 
A, C, B, D, and E are equally distant from the same point, the angle- 
CDE is a right angle, and the angle DEC is equal to the angle 
DACor (A+B). 

The quadrilateral ACBD gives 

AB.DC=BC.AD+BDJIC ; 
DC BCAD BDAC 




whence. 



EC""AB'AB"^AB'AB' 



that is, 8in(A+B)=sin A cos B+sin B cos A. 

In the foregoing con^ruction, each of the angles A, B, and 
A+B, has been supposed less 4han a right angle; btit the theorem 
will be proved by a similar process if one or two of them be greater 
than one right angle, but less'thalu two. 

Example II. — Find expressions for tan A± cot A in function 
of 2A. 



I, 



tan A+ cot A=tan A+_j5_ 
tan A 
l+taa8 A 




cos^ A tan A 
2 

"3 sin A cos A 



II. 



tanA 



== , the reqtdred expression. 

sin 2 A' 

_l-cot»~A 

cot A. 
_g l-oot» A 
2 cot A 

;=:~2 cot 2 A, the required express'oii. 
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£xAMi*LB III. — Find the numerical value for the sine of 150^. 

sin 160*=sin(180** -160**)=sin 80^. 
Let a be the side of an equilateral triangle ; let one of the angles 
A be bisected, and the straight line be produced to meet the opposite 

side. Then, sin ^A=— But the angle of an equilateral tri- 
angle has 60* for its measure ; therefore, 

sin aO**=sin 150*»=i. 

Example IV. — If 1+sin A=2 cos^ (A— Ja), what is the value 
of the angle A, a being a given angle? 

Because, 2 co8» (A - Ja)=l +cos(2A - o) ; 
then, 1-f sin A=l+cos(2A— a), or, sin A=oo8(2A— a). 
Therefore, the angles A and (2 A— a) are complements^ and 
Ap=aO*»-(2A-oVor, A=30*+^. 

Example Y. — ^What value of ^ wiU make the expression 
sin cos a maximum? 

The expression sin ^ cos 0, it is clear, wiU be a maximum if 
2 sin cos be a maximum ; that is, if sin 20 be a Tn<^-rjmn"^ 
But the greatest value for a sine is 1, and this is the sine of a right 
angle. Hence, sin 20 wiU be a maximum, if 20 be a right angle, 
that is, if be half a right angle. 

Therefore, the expression sin .0 cos is a maximum when the 
angle is half a right angle. 



Example VI.— If tan3 0=^, then -^+-As=(«^+2''r- 
a cos sm V / 

a h / 1 fL^— (J: tan' B \ 

' cos 0"^8in d~^Vco8 d"^sin 0/~Hcos 0"^ sm / 

""*VC08 0"*" C08»¥/'~"*V C083 Q ) 

=a sec8 ft 

h h^ 
Because tan^^ 0=-, or tan 0=-r, and sec^ 0=lH-tan2 0, 

^ a* 
sec 0=(l+tan« 0)i=(l+^)* 



and sec' 9. 



Example VII. — ^What are the values of sin A and cos A that 
satisfy the equation m sin A+n cos A=a. 
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From the given eqnatiesi, 

. a-msinA ^ (a— « aSn A)« 

9<y4- => ■ . 1 - widco8«A=^ -jj - i 

n w* 

.... a*-2am sin A+m9 sin^ A , 
hence, sin^ AH =1 ; 

or, (n9+m«) sina A— 2a»> sin A+fl^ -n2=P ; 

whence, am A^— -^^^p^ . 

By a tdniUftr preceaB, 

<^^= ^ • 

Example VIH. — Adapt to logarithmic compntation the expres- 
sion a+h, or a— 6.* 
Let a;=a+ 6, and p=a-h. 

Then, <r=ta(l+-j) fnd y=«(l_j.^ 

Oj, a;— a(l + taA 0) y=a(l - tan 

by takiag an angle whom tangent if aqiul to ; which wil} 

always he possible, as the tWQgent9 yary in ip^^tiide from to v. 
But, 

^ ^ COS^ ' ^ ^QSf 

T^ierefore, 

, ^ 3 — S — _IX^ and y=a V 2 — — — 
cos ^ ^ cos ^ 

Whence, la?=F=la+il-2+l(8in 46**+f)-l cos 
and ly=i<jFH-|l.2+l(8in 46* cos ^ 5 

the angle being determined by the formula I tan ^=]b^\eu 

There are various ways in wliich the forcing expressions, and 
others of the same dasa, may be adap^d tp logarithmic computa- 
tion. 

Example IX. — ^Adapt the expression m sig A+n cos A to 
logarithmic computation. 

Let x=m sin A-f« cos A ; then x=n cos A "^^ta^^ A+l|- . 

Take tan« ^=-tan A» whence 1+- tan A=lH-tan8 4=sec« ^. 
n fi 

Therefore, x=n cos A sec* 0, and h^ln-\-l cos A+2 1 sec 6, 

the angle being obtained from 2 1 tan ^=lm+l tan A— In. 

* In the solution of problems, the ananrers are not always obtained in a form 
to whioh logarithms w immediately applieatitjie, and uus formuljv h^^re tfi 
undergo oeitdn transformations before the logariUimio tab|^. 01^ be used in 
oaleolating the answers. Thus, the rahies of m sin A and m sin A are each 
oal^ul^ble by l^gaiithms, but not the ri^ne of iff sin A+«^ oof A. This Utter 
- expression has to be adapted to logaHtkmfe eomputation, as it Is said, before 
Its Talne can be found by nMaaf of logaiithma. 
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EZXBCISSS. ' 

1. Prove the formul« ain^ A^^-^^^, cos* A=-^^^^^ 

2. Prove the foroiulie t«a A+oot.A=8ec A coiec A, 

COt« A + C088 A = C0t9 A C08« A. 

3. Prove geometrically and analTtically the formuliiB 

tan jA sin A=:l — cos A, cot ^A sin A=l +cos A. 

4. From these formulae it follows that !^7^f^ =tan^ 1 A. 

1+cosA * 

6. If be less than 46^ 1 + tan ^=^2 "*^ ^^^^ 

6. Prove by a geometrical construction that,, 

cot ^A=cot A + cosec A, tan ^A==coeec A — oot A. 

7. Apply Ptolemy's theorem to ptove Thomas Simpson's formnlie 
for multiple angles. 

8in(TO+ 1)A=2 sin m A cos A — sin(m~ 1)A, 
cosQiw-f 1)A=2 <;o8 1» A cos A cos(m — 1)A. 

8. Prove that sin 3A=3 sinA- 4 8in« A, 
and cps3A=4coa8 A—SeosA. 

9. Trace the variations in sign of the expressioBS, sin A + sin 2 A, 
tan A— sec A, cos A+cosec 2A, when the imgle A varies from 0* to 
180». 

10. Prove sin o + cos a=cosf a — 45'W2=85nro + 48'W2, 
and sin a ~- cos a=sin^a — 45')^ 2=co8(o -f 46*) v 2* 

11. Prove that sinfA— BJ=sin A cos B— sin B cos A. 

cosf A + B )=cos A COS B —sin A sin B. 
cosQA— B)=cos A cos B+sin A sin B. 

12. Prove directlyi by using Ptolemy's theorem, thai 

X /-A-L-Dx tanA+tanB 

and also deduce analytically these values of tan(A+B). 

13. Prove by means of Ptolemy's theorem that, if A be an angle 
not exceeding two right angles, 

2 cos2 JA=l4-cos A, 2 sin^ JA=1 - cos A. 

14. Prove by Ptolemy's theorem, that 

2 sin A + B^ cos i(A - BWmi A+rin B. 
2 sin IjT A — B^ cos If A + B^=sin A ~ sin B. 
2 cos IrA+B^ cos l(A— B)=cos A+cos B. 
2 sin IqA+B) sin {(A— B)=co6 B— oos A. 
16. Prove that Bin(A+B)sin(A-B)=sin«A-8in«B. 

cos(A + B) cos(A ^ B)=co8» A - cos^ B. 
16. Fmd numerical values for the sine, cosine, and tangent, of 
the angle of 45*. 
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17. From these expressions calculate values for the sine and 
cosme of ^5% ^45^ 

18. Find numerical values for the sine and cosine of 60*, 30*, 15* 

19. Find numerical values for the sine and cosine oflS*, 86% 54% 
72* 

20. Find expressions for calculating the tangent and secant of 
150», 120*. 

21. Find expressions for calculating the cosine and tangent of 
108% 126*. 

22. Verify and calculate with 12 decimal ^places the following ex- 
pressions : — 

23. Show that sin 18*+ sin 54*=sih 30". 

24. When sin A= -5, what will be the values of tan A and of sec A 

25. What will be the values of ces A and of cosee A, when 

tanA=2-563? 

26. Find geometrically the angles whose tangents are — 

V O V id 

27. What angle has its sine and cotangent equal ? 

28. Find the angle whose cosme is double of the tangent. 

29. Find a value for such that 3 sin 0=1 -f 2 cos 0. 

30. Find a value for 9 that will satisfy the two equations, 

a=a'sind+&'cosd 
(=a' cos — 5' sin 0. 

a/3+4/2 

31 . Fmd the angle whose cosine is — • 

32. For what value of 9 do the following relations hold ? 

sin d+co6 9=0 sin d - cos 9=0 

sin cos 0=1 sin0+cos0+tan0=8ecO. 

33. Eliminate between the equations 

m=co8ec — sin 
n=sec0~cos0. 
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34. Confltract the angle whose tangent is 3 —V^* 

35. If cos = i^^^^Q , prove that tan tan i0^~. 

36. Find expressions for the sine and cosine of A, when tan A = - • 

b 

37. When m tan A=ncot A, what are the values of sin A and 
cos A? 

38. Required a value for tan A, when 2 cosec A ==3 sec A. 

39. Required a value for tan A, when 2 cosec A = 3 sec ^A. 

40. If 3 cos A+ 4 sin A=6, find a value for sin A. 

41. Find in function of tan^A a value for the expression 

/l+rinA 
V 1-sinA* 

42. If tan^ 0=p express o+6 and o - 6 as functions of cos and 
cos 20. 

43. Find an expression for sin 2 A in function of tan A. 

44. If tan ~=2 — V3> find values for sin A and A. 

45. If tan 0=-, find a logarithmic expression for computing 
a coaO+hsinO, 

46. Find the angle ft from the expression tan 2^=8 cos^ d^cot 0, 

47. If 0=^9Ooand 0:= -|^90-, then sinaft+sina 0=1. 

48. Fmd values for A, whenrtan(46»+A)=3 tan('46»~ A") and 
when tanA+tan(46»+A)=2. ^ 

49. Prove that tan? -jr- is always less than tan-A sin A^ 

50. Find values i6r A, when sin^A+cosA=l, 
and whesn sin A + co83^A=l. 

51. Find a value for A, when an A+cos A=l. 

52. What is the angle whose sine and codne are together equal 
to its se^sant? 

63. What are the values of 9, for which sin$v'3=4/3-co8 9 
and cot ft tan 29 ~ tan cot 2ft=2 ? ' 

64i When sin A=sin B sin(G+D), find a value for tan D. 
66. If r28in« ft=p (2 hr cos ft-i« coaP ft), and a^^h^a^^, then 
2ft cos ft 
^ l-#8in«ft' 

c 3 
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66. M as tan r=c« tan !, then tan (f-y)= ^f ~f?,'^V-T, -- 

57. If c 008 0=d cos A+& cos B, and o mB 0=4^ sin A+h sin B, 
the value of c when it is a maximum or a mmimum, a and b 
hj^ing fixed quantities. 

: fi94 Twines of fiF an4 y win si^t^sfy tl^a equation 
rt« sin 9' cos ^=358 sin cos 0'-\-t/^ sin 0' cos 9 
a co§ 0=?; cos 0'+y cos 

69. From the e^pressioji^i a sin (B— A)^sin A, find values for 
sin A, cos A, and tan A, in function of a and B. 

60. If (l+oa') tan A=a-a', what will be the values for sin A 
and cos A ? 

61. What value of a will satiifv the equation 

(a — c)an a cos 0.=3=|&(sin3 a — cos* o). 

( 

«2. If tan2a= — , then 

c—a 

a cos* a— 6 sin a cos o+c sin* a=^(a-\-c+^ (h^-\-(a--c\t 
a sm« fl^^-6 C(^(?.+c cos* a=J(«+c- V^^+C^-^l'' 

63. To prove that, o'2+6'2=a»+69, 
if a^o* sin* o+6» cos* o) ^Xa* sin* a'+ft* cos* o')=a«i', 
and a* sin a sin a' +6* cos a cos o'=0. 

. 64. Between the equations aj=o(co8©+co82^), y==&(sin9+8in30), 
eliminate 0. 

. 66. Determine A when sin A+oosA is a minimum; when 
tan A+cot A is a minimum ; when sec* A+oos* A ia a minimum. 

66. Given the sum of two angles, when will the sum of their 
iKBes ^kd the sum of thdr cosines be maxima ? 

67. Divide an angle into two parts, such that the product of the 
sines of the sbj^ bQ ^ qi»xip>!iim. 

68. Adapt to logarilihmic computation the expression a+^— c. 

69. Show that if cos ^=-, the expression 

70. What values of x will r^der the expre^ajons o+VC^^^^"*) 
calculable by logarithms? 

71. DeteTW^ 8ft tl^t aai-^y/iq^+sfi} may bp ^.di^pte^, to 
logarithmic computation. 

' 78. Adapt to logarithmic computation the exp^sions 
sin 24 sin 2A 
l+co^2A' J,-90s2A* 
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73. Adapt to logarithmic compntation ^^^^^^-^^l^^r • 

° 2 6inA— 8m2A 

74. When co8a=co«j3 co8y+sinj8 smy cqsA, how may the 
angle a be found by the logarithmic tables ? 

75. If tt=-sin n9 + c'cos n9, find 1«. 



LESSON V. 



RelationB connecting the sides of a triangle with the angular functions 
of its angles. 

44. In a triangle^ one of the sides is equal to the sum of the 
products of the other sides by the cosines of the angles they 
form uiith the first side. 

Let ABC be a triangle ; then 
c=a cos B-f-& cos A. 
From the angle C draw CD at ^nght 
angles to AB. The triangles APC» 
BDC, give 

AD=AC cos CAD, DB=BC cosOBP; 
Therefore by addition, 

c=a cos B+& cos A, 
And also, 

h=c cos A-\-a cos C, 

a=b cos C-j-c cos B. 

45. In a triangle, the sines of the a^gfes. the sides op* 
posite to these angles are proportional. 

Let ABC (44) be a triangle, and from the vertex C of 
one of the angles, let the straight line CD bte drawn at 
right angles to the side AR 




Then (17) 
Therefore, 



. . CD , . CP 



sin A CD . CD gC a 
sin B""AC'^BC^AC'^*: 
Similarly, if a straight line be drawn at right a;ngles to the 
side AC from the vertex B, or to the side BC from the 
vertex A, the following relations will be obtfdned : 
sin A _BC_a ^ 8inB _AC_& 
SrO""AB'" c' *"^SEC~A3^ a- 
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Therefore, 

sin A: sin B: sin C=a: 
which is frequently expressed by writing 

sin A sin B sin C 



46. In a triangle, the cosine of an angle is equal to the 
quotient obtained by dividing by twice the product of the two 
sides containing the angle the excess of the sum of the squares 
of these two sides over the square of the third side. 





Let ABC be the given triangle, and A the angle whose 
cosine is to be determined. From C let a straight line CD 
be drawn at right angles to AB, or AB produced, according 
as the angle A is acute or obtuse^. 

Then in first figure, and in second figure, 

AD (20, 29) cos A=cos BAC= 



(20) cos A=cos BAC= 

But (Eucl. n., 13), 
BC2=AC2-fAB3—2AB.ADj 
or, a2=ja+c8— 2c.AD, 

whence, AD=^-i^-^* 
2c 

therefore, ^=—i^, 



—cos CAD= 



AD 
AC* 

and (EucL EC., 12), 

BC»= AC* + AB«+2 AB. AD , 

tf2==ft2+C8 + 2c.AE>,. 

^AD. 



2c ' 
AD_«^ca--a« 
"AC"" 2bc ' 
that is to say, whether A be acute or obtuse, 

«>«^=-2S^- 

In the same way it may be shown that 

^ a^^-c^—^ , ^ a2+i9_c8 
cos B= — — , and cos C= 



2ac 



2ab 
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47. In a triangle^ the tangent of half the sum of any two 
angles is to the tangerU of half their difference as the sum of the 
sides opposite to these angles is to their difference, . 

Let ABC be a triangle, and A 
and B the two angles under conr 
sidferation. Produce BC, and make. \ ^^^^ 
CD=CE=CA. Join AD, AE, . ^ 

and through B draw EF parallel \ /n. 
toBA. • / X. 

The angle DE A is equal to half 

the sum of the angles A and B, and VZ. I 1":.^"-"-"-^ 
the angle FEA, which is equal to A B 
EAB, is e^ual to half their differ- 
ence; BD IS e<^ual*to the sum of the sides BC and CA, and BE 
is equal to their difference. The angle DAE is a right angle. 

Now (18) tanDEA=^, and tan FEA=;||, 

Therefore, tanPEA AD^AF AD 

tan FEA"~'AE ' AE^AF* 

The equiangular triangles ADB, FDE, give (M)) 

AD' BD . AD BD 
pp=gjj, whence ^=g^. 

Therefore tan DEA BD t^^KA£B) g^h 
Iheretore, j^EA-gE ta9 i(A-B)=i=6: 

48. In a triangle, the sine of half one of the angles is to the 
cosine of half the difference of the other two as the side op- 
posite to the first angle is to the sum of the other sides. 

Let the same construction be made as in (47). The angle 
ADE is equal>to half the angle ACB. 
And (28, 29)- cos AEF=sin AFE=sin.DAB, 
R,,f/A«^ sin ADR AB 

^^^^^ MLiB^BD' 

49. In a4riangle, the eosine of half one of the angles is to 
the sine of half the difference of the others as the side opposite 
to the first angle is to the difference ofthe^other sides. 

Let the same construction be made as in (47). 
Then, (28, 29) eos ADE=ffln AED=sin AEB, 
^^ArAK\ sin AEB AB cos AC c 
S^EAB=BE S-i(A^)=^rfi- 

The formula (47) may be obtained by dividing the 
formula (49) by the formula (48). 
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LESSON VI. 

Fonnnlft and Rales for the solution of Oblifae- Angled Triangles — 
E xample? — KKercises. 

FOBMULJE AND RULES FOB THE SOLUTION OF OBLIQUE; 
ANGLED TBIANGLES. 

50. Four cases present themselves in the solution of 
oblique-angled triangles, three of them corresponding to the 
fourth, ei^th, and twenty-sixth propositions of i£e First 
Book of Euclid's Elements, and the other analogous to the 
seventh proposition of the Sixth Book. 

61. Case I Given two ^ides and the contained angle of a 

triangley to compute the remamng parts of the triangle* 

Let a and b be the given sides, a being the greater, and C 
the given angle. 

Then A+B=18Q*— C, and J(A+B)=90'— iC. 
Also (47) 

tan J (A— B) a-ft , . ... a-b 1 

whence tanKA-B)=^j. ; 

- sin JC c . . , sin 

and (48) 1 / A t>N =^-~7ii whence c=(a+6) j-jf — S\ 

^ ^cosi(A— B) a+y ^ ''cos i(A— B) 

A=KA+B)+4(A— B), and B=J(A+B)-KA— B), 
or A=90«— iC+i (A— B), and B=90*— iC— 4(A— B). 

The logarithmic fomul« fo? the computation of i (A — ^B) 
ftnd of c are obtained as follows ; 

1 tan 4 (A— B)=l(«— ft)— l(a+ J)— 1 tan iC 
L tani(A-.B)— 10=a<a— fr)--l (o+i)— [LtaniC— 10], 
or Ltan4(A— B)=l(a— 6) + 10— l(a+ft) + 10— LtfmiC 
or L tan 4(A— B)==l(a— 5) +cl(a+ft) +cL tan JC ;* 
and lc=l(a+*) + 1 sin JC— 1 cos 4(A— B), 

lc^l(a+ft) + [L sin jC— 10]— [L cos i(A— B)— 10], 
lc=l(a+&) +L sin JCJ— L cos i(A— B) 
or lc=l(a+i)+L sin JC+cL cos ) (A— B)— 10. 

Rule To find the half difference of the two angles, add 

to the logarithm of the difference of the given sides, the 
arithmetical complements of the logarithm of the sum of the 



• The letter e prefixed to 1 or L aiffaifieB that the arithmptioAl comnl^inent 
of the logarithm ia to be taken. 
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sides, ttB^ of tlie tabular logarithm of the tangent of half the 
given angle ; the sum will be the tabular logairithm of the 
tangent of half the difference of the two angles. 

To find the greater of the angles, to the eomplemeDt of 
half the given angle, add the half difference just found ; and 
to find the less of the two angles, subtract the half difference 
from the complement of half the given an^le. 

To find the third side, add to uie loganthm of the sum of 
the given sides the tabular logarithm of the sine of half the 
given an^e, and the arithmetical complement of the tabular 
logaritl^m of the cosine of half the ^fference of the other 
angles; from this result subtract 10; the remainder will be 
the logarithm of the third side. 

By this method the tables will only have to be opened five 
times, as will appear from the example and exercises. 



Example I. — ^Two sides, a and b, of a triangle measure respec- 
tively 1363-9 and 1167 43 feet, and the contained angle 74* 43' 38". 
It is required to cqn^pute the remaining side and angles. 



1363-9 
1167-43 



2531*33 ramof side^. 
196-47 difference ofsidet. 



74 « 43' 38" 



37 21 49 

90 



Computation /or A and B. 
1. 196-47, . 
d.2&31-33, . . 6-5966512 

cL ton 37'' 21', 9*8826246 
49", 2141 

0-1171603 



Lton6«48', 



9-0071077 
9-0067924 



15" 



Computation /br c. 
1.2531*33. . . 3-4033488 

Lain 37^ 21', . . 9 7829614 
49" . . 1352 
<?Looa9«49', 9-99774.58 
45" 117 

0-0022430 

—10 

3-1886884 

1544*15 feet, the required side. 



3153 
5® 48' 15" 
52 38 11 

69 26 26 angle A 
4^ 49 56 angle B 
74 43 38 C 



180 



Exercises. 

1. Given 6= 17 furlongs, c=12 2584 furlongs, and A=3&' 36' 4", 
to find a and the remaining angles. 

2. Given two sides of a triangle equal respectively to 3914*2 and 
229&*^ feet, the angle contained b^twe«n them being 100'', to fii^ 
the r^mainii^g angles and side. 
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3. Two sides of a triangle, measuring respectively 22842*66 and 
23622*21 feet, contain an angle of 44^ 19^ 4". It is required to 
find the third side and the other angles of the triangle. 

4. Given A=58^ 8^; 6=159 fathoms, and c=408 fathoms, to 
find B and a. 



52. Cas&II. — Given the three sides of a triangle^ to com- 
pute the angles. 

The fonnulffi from whidi the angles may be found are (46) 

cos A=^+^^.cos B=?!+^.*A cos C= ^'+^l 
26c 2ac 2a6 

These formula, however, are not adapted to logarithmic 
computation, and have to be replaced by others, Uie values 
of wnich can be calculated by means of logarithms. 

The relations (39). and (42) of the angular functions of an 
angle 

l=cos« iA4-sin« iA 
cos A=cos' jA — sin* JA 

give 

1+cos A;=2 cotfi JA, and 1 — cos A=2 mn« ; 

whence, tan« ^A=^~^^ ^. 

l+cos A 

Substituting for cos A its value (46) in terms of the three 
sides, this becomes 

j_6y-^— flS 

tan4A= 



26c 

^ 260—6^0^4-0' - 

26c+6«+ca=^ 
___ g^(6^-c) « 

(A+c)*— aa 

(a+6+c)(6+c— «)' 
Let the sum of the three sides be represented by 2s, Then' 
a+6+c=2* a+c— 6=2*— 26 
a+6— c=s2«— 2c b^c—€t=s:2s — 2«. 

The value for tan* JA may, therefore, be written, 

tim4A=(*-^>('-f), whence tan 4A= V^^' 
*(*—«) ^ *(*—«) " 
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The corresponding values for the other angles will he 
fonnd to he, 

Hence, 

1 tan &)+l(*--c)— 1*— 1(*— a)} 

L tan fA— l'a=i{l(«— !>)+l(#— c)— 1*— It*^)} 

L tanrjA=i{l(*-^)+l(*--c)—b— +20} ; 

or, 

L tan iA=J{l(*-^),+l(«— c)+cU+cl(#— a)}. 
Also, 

L tan JB=i{l(«— fl)+l(^)+cb+cl(*— 5)} 
L tan iC=i{l(*--^)4-l(«— i)+cb+cl(*— c)}. 

EuLE. — To find one of the angles when the three sides 
are given, add the three sides, take half the snm, and sub- 
tract from this half sum each side ; add together the log- 
arithms of the differences corresponding to the sides contain- 
ing the angle, and the arithmetical complements of the 
logarithms of the half sum, and of the difierence correspond- 
ing to the side opposite to the angle; take half of this 
sum. The result -mH be the tabular logarithm of the tan- 
gent of half the angle. 

From the expressions 

28in' JA=1 —cos A, and 2 cos* JA=1 +cos A, 
the following values for sin JA and cos |A can be derived 
by a process analogous to that used for tan J A : 



And from these wiA=y.^^s(s — — c). 



Example IL— The three sides of a triangle are ©08-77, 1363-66 
and 949*69 feet respectively. It is required to find the three angles. 

ComputcUUmJbr the first angle. 



gin J A= Vifzi^^Zlf) , cos iA= Vf^. 
^ be %Q 




608-77. 
1363-66 
949*69 



1. 97-4, 
1. 611-37, 
cl. 852-39t 
cl. 1461-06, 



1*988B690 
2*7087353 
7:0694196 
6-8353320 



292318 



18 6020888 



1461*06, half sum. 



858-29 
97*4 
511-37 



9-8010194 

LUnll^'lS', . 9-3006383 



35^' 38U 
22 ^ 37* 10", the required angle. 
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Comp%itatiam/ttr thf teg9nd tmglt. 

1. 852-89, . . . 2-9305874 
1. 511-37, . . . 2-708735^ 
cl. 07*4, . . 8-0114410 
d.' 1461 -06; , , ^ 6-«853380 



S0'48(»966 



10-2430478 
10-2429460 



20" 



120 SO' 40^thereqiiirodaDgIe. 



1. 852-29, . . 2-SI306874 

1. 97-4» . • - . 1*9885590 

cL 511-87. . . . 7-2912648 

tfl. 14(^1-06, . . 6-8863320 



L tvi 18<* 2r, 



190457482 

9-5228716 
9-5228379 



837 



36« 52^ lO'^.the required vifle. 



22*»37'H)" 
120 30 40 
S6 52 10 

180. 

E^pSRCIfiSS. 

^ The tbfee sides of a plane rectilineal tziaagle are respectively 
7694*7, 12584*09, and 5009-49 feet in length; reqnired the angles. 

6. Given in a triangle 0=^2167, &3=3921, c=x4.652, to find the 

7. Given 0=^9674-44, &=10156*34, c=a085-8a, to find the 
ancles. 

8. Find the angles of a triangle whose three sides xneasnie re^^. 
tively 9-54, 8-93, and 8*37 chains. 

9. In an isosceles triangle the base is 13'0456 chains, and each of 
the equal sides 78-00028 chains ; it is required to find the angles. 

10. Given fl;;:^658'5, 6=1028-86, and c=524 97, to determine the 
angles. 



53.' Case in Given a side and two angles of a triangle 

to find the other sides. 

Let a be the ^ven side, A and B the given angles. 

Then C=180*-.(A+B), 

andfrom(45) ' 



sin A* 



"*sinA' 
sinC 



sin B 

h=a — — r, c=a ^, 
sin A sin A 



wheno^ 

Taking thie logarithms 

li=^la4-l sin B — ^1 sin A, lcs=hi+lsin C — 1 sin A^ 
f l*=lfl+ [L sin B— 10]— [L sin A— 10], 
^k=la+[L sin C— .10]— [L sin A— 10], 
( 16=^la+L sin B+cL sin A— 10, 
» lc=k+L sin C+cL sin A— 10. 
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RoLS — .To find one of the sides, add ti^ ib» looariliim of 
tlie given side the tabular logarithm of the sine of the angle 
opposite to the required side, and the arithmetical compTe« 
ment of the tabumr logarithm of the sine of the angle 
opposite to the given side ; take 10 from the re0ult; th^ 
renialnder wUl l;>e the logarithm of the side. 



Example IIT. — Giren one side of a triangle, 9487 yards, the 
opposite angle, 83° 32' 25", and one of the other alleles, 47* 43^ 18'', 
to find t]i# other fide, 



atP sr 

47 43 18 



131 1ft 
180 



48 44 \7, ike third angle, 



QmpuiaHtmfar tie tide ftpotite 
Uf fie tecomd angle. 
1. 3487, .... 8*3956758 
L lin 47« 43" . . 9*8691301 

18^ . . 344 
cL sin 83« JUT 9^9972280 
2ft" 60 

0*0027668 

-10, 



3*967.6063 
1851*85 f^rdp the re<)vired aide, 



OmpiUation ybr the side oppotite 
to ti9 ikird arngie, 
1.2487, .... 3'30fi«7ftS 
Lsin48« 44' . . . 9*8760146 
ir' . . 314 
^i.sinSS'' 3e'2ft" . , 0*0027660 

-JO, - 

3*2744877 

1881*43 yards, the required side. 



EXERCISBS. 

11. A side of a triangle measures 24*675 fnrlongs, the opposite 
angle, 67^ 14', and the remaining angles 28^ 36' and 84*' KK. Ror 
qiur^d the aides opposite to these angles. 

12. The three angles of a triangle meajsnre respectively 20^ 4(X 10", 
69"" 21' 2<y', and 89<^ 57' 30", and the side opposite to the last angle 
is 95*436 chains in length. Required the other sides. 

13. Given A=40* 33' 13", B=70° 13', and &=163 fnrlongs, to 
compute a ayd e. 

14. Given a=G*254, A=69^ 31' 44", and B=97'» 18', to com- 
pute h and 0. 



54. Case IV, — Qiven two sides of a triangle and the 
angle opposite to one of them, to find the remaining parts. 

Let a and h be the given sides, and A the. given angle. 
The formulsB to be used for the solution are : 

(45) si»B=^8iftA.C=180MA+B),andc==a^. 
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This case is called the ambiguous case^ because there are 
always two values (one less, and the other greater than 90*) 

for the angle whose sine- is equal to the quantity ^ sin A, 

and, under certain circumstances, both these valiies will 
satisfy the conditions of the problem. There will then alto 
be two values for the angle C and the side c. Properly 
speaking, it should be said that this problem somedmes 
admits of. two solutions. 

If A be ndt acute, B must be acute, and therefore the 
value of B less than 90° is the only one that can be taken. 

If A be acute, and cnp^b^ then also the smaller of the two 
values of B is the only one which answers the question. 

And further the problem will be impossible if & sin A, 
theperpendicular from C upon c, is greater than a. 

Tnese observations will be illustrated by the geometrical 
construction of the problem : — .'^ Given the two sides of a 
triangle and the angle opposite to one of them, to describe 
the triangle." 

The logarithmic expressions derived from the formulas are : 
1 sinB=lJ-}-l sin A: — ^la, lc=la-|4 sin C — ^1 sin A, 
f LsinB— 10=l*-f[LsinA— 10]— la, 
t lc=k-j-[L sin C— 10]— [L sin A— 10, 
f L sm B=l&-|-L sin A^clo — 10, 
t lc=la-f-Lsin C+cLsin A — 10. 
Hence the following 

KuLE ^To find the angle opposite to the second of the 

given sides, add to the logarithm of this side the tabular 
logarithm of the sine of the ^ven angle, and the arithmetical 
complement of the other given side; subtract 10 from the 
sum ; the remainder will be the tabnlaa^ logarithm of the^ine 
of the given angle. 

To find the third angle, subtract from 180° the sum of the 
given angle and of the angle just fdund. 

To find the third side apply the rule ^ven in Gase III. 



Example IY. — Given one side of a triangle, 24*67 chains, the 
opposite angle, 74° and one of the other sides, 25*3 chains, to 
compute tha third, side and the two angles. . 

To ascertam whether the problem he posstbhi ond the number of 



1. 2A-3, ..... I*40at20& As the Bi4e opposite to the glrea 
L sin 74*^19', . 9*9835227< angle is not less thaa the perpendiou- 



solutions. 



—10, 



1 3866432 



lar, the problem is possible. But as 
it is less than the other giren 8id« 
there will be two solutions. 



J. 24-67, 



1*3921691 
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Computaiion tftke angle opposite 

to the second side. 
1. S6.3, .... 1-4031205 

el. 24-€7 8-6078309 

L sin 74* 19', . . . 9-9835227 

—10, 

9*9944741 

80^ 53^, or 99'^ 7' the raqaired«ngle. 



Computation eftke third angle. 



74« 19' 
80 53 



>55 
180 



II. 74* ly 
99 7 



24 48 

the required angle. 

ComputaUon of ihe third side. 
JNrti soluHon, | Second solution. 

1. 24-67, .... 1-3921091 1. 24-«7, . . \ . •1'39M691 
Lein24®48', . . . 9-6226824 L an 6 ® 34', . . . 9 0582711 



eh ain 74« 19^, 
—10, 



0-01^772 



10313287 
10*748 vh«lsfl, the required side. 



than 14^ 19', . . 0^0164772 

—10, 

0-4669174 
2'9308 ohafais, the required side. 



Exercises. 

15. Given a=1834 yards, 6=3766 yards, and A=17'» 16', to 
find the other side and the angles. 

16. Given B=64° 2V 30", 6=223 64 yards, and c=?105-26 
yards, to compute A, C, and cu 

17. Given 0=253-87 feet, •6=rt486-54 feet, and A=34*» 12' 43^'. 

18. The two sides of a triangle measure '14*256 and 16*543 
chains respecthrely and the angle opposite to the former side 
21° 14' 20". Required' the thini^side, and the angte opposite to it. 



The following portion of the triangulation carried on by General 
Boy for the purpose of ascertaining the difference of longitude between 
the observatories of Greenwich and Paris, is given by Leslie in his 
Notes on Plane Trigonometry, and will furnish the student with a 
large variety of exercises in the solution of plane triangles. 

The annexed diagram exhibits the tombination of triangles ex- 
tending along the coast of ^ent and Sussex, and stretcfiing across 
the channeL 

In the successive triangles contained in the subjoined register, 
each angle is marked by the single letter affixed to it, and the com- 
pvted length of its opposite side is given* in feet in a line with it* 
The asterisk denotes that the angle was deduced from calculation, 
and not actilally obseiVed. 

From the train of calculations, it was found that Dover Castle 
lies 67° 44' 3^'^ S.E., and at a distance of 328231 feet, or 62-165 
miles, from Gremwich Observatory ; and from comparison of this 
with the results of the operations carried on concurrently by the 
French astronomers, it'was.ascertained~that the meridian of the ob- 
servatory of Paris was 2° 19' 51" K from that of Greenwich. 



* In seyeral instances, the length of the sides as giren bj Leslie differs from 
that -inserted in the account of the Trigonometrieri Surrey published in the 80th 
▼olume of) the PlUlosophioal Transaotiona. 
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A Frant Church. 
B Gondhorst Church.- 
C HoUingbom Hill. 
D Tenterden Church. 
E Fairlight Down. 
F Aldington KnolL 
G Lydd Church. 
H Ruckinge. 
I High Nook. 



fi: Fbl&stone Turnpike. 

L Paddlesworth. 

M Swingfield Church. 

N Dover Castle. 

O Church at Calus. 

P Blancnez SigoaL 

R Fiennes SignaL 

S Montlambert SignaL 

KL The base of verification. 



ABC. 

A 27^ 4' 

B 136 27 35-87 

C 16 27 

ABE. 

A 43 18 26-87 
B 105 39 28-86 
E 31 2 6-27 

BCD. 

B 68 13 19-5 
C 44 88 44-04* 
D 67 7 66-46 

Bt)E. 

B 49 39 36-77 
D 94 69 2S-81- 
£ 36 20 66-42 











€!DF. 




71298-6 


C 




O' 


68^-96*^ 


6i71^7-5 




D 


91 


34 


22-04 


96089*8 


44391-2 


F 


48 


24 


39 












DFG. 




93629-2 


D 


43 


45 


28-18 


478feOr9 




F 


73 





27 


66169-2 




G 


63 


14 


9-82* 












DEG. 




71887-6 


D 


62 


32 


52-51 


7^1692-2 


64876-6 


£ 


64 


69* 


17-81 






a 


62 


27 


60-18* 


71657-3 










EFG. 




71637-2 


E 


21 


18 


37* 


47860-9 


03629-2 


F 


32 


69 


23 








136 


42' 
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47 









FGI. 














F 


33" 


8' 


46"-l 


31363-7 


K 


69® 


43' 


53"'-5 


3^6^-4 

xjyjtj \J\J ^ 


B 


24 


67 


29^» 


28186-7 


M 


76 


36 


40 


31565-7 


I 


121 


53 


44 


— 


K 


34 


39 


26-5 










FHI. 














F 


91 


27 


19-5 


28534-5 




130 


11 




42662*7 


H 


54 


19 


18-5 




L 


34 


29 


42-5 




I 


34 


13 


22 


1605a 




15 


18 


44-5 


— 








FGK. 














F 


10^ 


60 


39-36 


84662-8 


E 


6 




d9*48f 




G 


38 


2 


23-76J 


66463-7 


L 


152 


15 


26-15 


188119 


K 


32 


6 


66-89* 




N 


21 


37 


65-42* 










EGL. 










ENP. 




E 


13 


38 


2*95* 


7953^1 


E 


25 


33^ 


55 -02* 


116660 


G 


154 


5 


54-4 


147392-2 


N 110 


56 


29-88* 


252505-6 


L 


12 


16 


2-65 


— 


F 


43 


30 


35-15* 


— 








FIK. 










ENS. 




F 


76 


1 


63-25' 


54708 


E 


43 


19 


58*52 


168827 


I 


79 


41 


0-5 




BT 


87 


30 


29*68 


246786 


K 


24 


17 


6-25 




S 


49 


9 


31-9^ 


— 








IKL. 










NPS. 




I 


14 


48 


25-6* 


I47t4-S 


IS- 




25 


0-25 


77237-2 


K 


67 


2 





48305-2 


p 


119^ 


41 


41^64 




L 


108 


9- 


845 








53 


1811' 










KLM. 














K 


60 


27 


39-5^ 


17066-6 












L 


70 


54 


5-6 


i;8525-8' 












M 


48 


38 

















E^S9Ei^IBBS» 

1. In a right-angled triangle, given one of tlie aAgles and the sum 
of the hypotenuBe and of one of the sides, to find the hypotenuse and 
the sidesk 

2. Given in a right-angled triangle' one of the* angles and the dif- 
leMce between the hypotenUBe and dne' of the* sides, to find the 
hypotenuse and the sides. 

3. Given one of the angles of a right-angled triangle, and the sum 
of the sides, to find the sides and the hypotenuse. 

4L Giveh oner of the ahgles of a right-angled triangle, and the 
difference of the sides, to fihd the sides and the hypotenuse^ 
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5. Prove that in a right-angled triangle in which c is the hypo- 
tenuse, a cot JA=c4-&. 

6. Given a side, the opposite angle, and the sum or difference of 
the sides containing it, to find these sides and the angles. 

7. In any triangle, if a perpendicular be drawn from one of the 
angles to the opposite side, the products of the segments of this side 
hj the tangents of the adjacent angles are equaL 

8. In any triangle, if a straight line be drawn to bisect an angle, 
and' be produced to meet the opposite side, the products of the seg- 
ments of this side by the sines of the adjacent angles are equaL 

9. The Strang line that bisects an angle of a triangle divides the 
opposite side intoeegments that are proportional to the adjacent sides. 

10. Given in a triangle two angles -and the sum, or the difference, 
of the opposite sides, to compute the several parts. 

11. Given two sides and the difference of the opposite angles, to 
comimte the several parts of the triangle. 

*12. If one side of a triangle and the sum of the other two be given, 
when will the angle opposite to the given side be a maximum? 

13. Given the three angles of a triangle and on^ of the sides, to 
compute, logarithmically, the segments into which this side is divided 
^ the. perpendicular from the opposite angle. 

I4c. The three sides of a triangle being given, to compute, logarith- 
mically, the segments into which one of them is divided by the per- 
pendicular from the opposite angle. 

16. Given a side, the difference of the adjacent -angles, and the 
length of the straight line drawn from the middle point of the side 
to-^e opposite angle, .to compute the several parts oi the triangle. 

16. The two sides of a triangle are as 3 to 1, and the contained 
angle is 39^ 47' 24'', find the other angles. 

17. In the Trigonometrical Survey of Great Britain^ Colonel Mudge 
found that the logarithms of the numbers expressing the distances 
in feet between Cheviot and Cross Fell, and between Cheviot and 
Wisp Hill, were, respectively, 5-4654017 and 5-2672278; and that 
the angle contained by these lines was 63® 30' 18". How may the 
other angles of the triangle and the distance between Wisp Hill and 
Cross Fell be determined without findi^ig the numbers corresponding 
to the given logarithms ? 

18. In any triangle, 

(6+c— o)tan JA=(a+c-6)tan JB=(o+6— c)tan JC. 

19. If in any triangle, a^b=c cos-O, prove that 

2^ ah cos'J(A+B)=c sin^, and 2^ab cos J(A— B)=i;(B-f 6) sin 9. 

20. In any triangle, 

w sin(B-C)+ft sin(C— A)-|-c 8in(A-B)=0. 

21. Prove that in any triangle, 

cos« A+oos» B +eo8S C +2 cos A ooe B cob C=1, 
and conversely. 
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And that sin A+sin B+sm 0^4 cos |A cos cos |G=rO 
8m> A+8mSB+8inSG-2 cos A oos B cos G-2=0 

cos ^A+C08 JB + C08 iC= 

, 180O-A 180°- B 180O_C 

4 cos 3 cos 3 cos 

4 4 4 

sm ^A+sin jB+sin |C= 

, , . ISQO-A . 180O-B . 180O-C 
1+4 sin — J sin — ~ sin — 

smS^A+sina^B+sm* ^0=1-2 sin ^A sin ^B sin 

22. The sum of the tang^ents of the angles of a triangle is equal 
to their product 

23. The sum of the cosines of the halves of any tw'o angles of a 
triangle is greater than the cosine of the half of the third angle. 

24. If one side of a triaqgle and the opposite angle be given, when 
will the sum of the other sides be a maximum ? 

25. If one side of a triangle and the difference of the other sides 
be given, when will the angle opposite to the given side be a maxi- 
mum? 

26. Given two sides of a triangle and the contained angle, to find 
the parts into which this angle is divided by the perpendicular from 
its vertex upon the opposite side. 

27. Given two sides of a triangle and the contained angle, to find 
the parts into n^hich the angle is divided by the straight line drawn 
from its vertex to the middle point of the opposite side. 

28. Given a nde, one of the adjacent angles, and the sum, or the 
difference, of the remaining sides, to compute the several parts of the 
triangle. 

29. If the three sides of a triangle be given, how may the seg- 
ments be found into which one of the angles is divided by thfe 
straight line drawn from its vertex to the middle point of the oppo- 
site side? 

30. Given two sides of a triangle and the contained angle, to find 
the segments into which the third nde is divided by the bisector of 
the given angle* 

81. Determine the relation between two angles of a triangle, when 
the squares of their opposite sides are to one another as the adjacent 
segments of the third side made by the perpendicular from the oppo- 
site angle. 

32. The distance from the sides of a triangle of the point of inter- 
section of the internal bisectors of the angles, has for its ex];»res5ion 

^SESEMES", where 

D 
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33. The distance from thevidds^f a triangle of the point ^ iakm^ 
section of the internal InseGtcr of the angle A with the external 

bisectors of the other angles, has for its value^/ *^'""^^~^) . 

34. If r be the distance from the sides of a triangle of the point 
of intersection of the internal bisectors of the angles, and f^, r"', 
the distances from the sides of the points in which each of the inter- 
nal bisectors of the angles A, B, G, meets the external bisectors of 
the two other angles, 

1 J_ 

35. The distance from the angles of a triangle of the point in 
which the perpendiculars at the middle points of the sides meet, has 

- .. . dbc 
for Its «anireeHion ■ ■■ 

4-/«(«-oX*-6X«-c) 

36. If this distance be represented by R, 

37. Express the sides of a triangle as fonctions of R and of the 
angles. 

38. Compute the sides of a triangle when the angles and rare 
^ven. 

39. If the three sides of a triangle be met by a transversal, the 
prodnct of three alternate segments shall be equal to the product of 
the other three segments, and conversely. 

40. If from a point in the plane of a triangle straight lines be 
drawn to the angles, and produced to meet the sides, the product of 
lihree alternate segments shall be equlal to the product of the three 
cemaining segments, and conversely. 

41. If a straight line be divided harmonically, the four straight 
lines joining its extremities and ihe points of harmonic section with 
any point not in the line, shall form an harmonic penciL* 

42. If four straight lines form an harmonic pencil, they shall 
divide harmonically every straight line that cuts them. 

43. If A, V, h'\ be the perpendiculars from the angles A, B, C, of 
a triangle lipon the opposite sides, prove that 

tan^_^ (W+A'A''4^'A)(rA+AA'-A'A")' 
*ttd find the corresponding expressions for sin ^A and cos ^A. 

44. From the formula for the cases of oblique-an|^led triangles 
to deduce those used in the solution of right-angled triangles. 



« Four straight lines issuinff from a point are said to form an harmonic penoil 
when the product of the sines of the angles formed by the two extreme and by 
the two mean straight lines^isvqnal 'totiw) ]^ttet«f the eines of the aiigl«i 
formed by the first extreme and mean, and l>y the second ^xtmme and mean. 



Digitized by 



LEB8. Tn.] 



SIBTAVCaSS. 



51 



LESSON VII. 

implication of Plane Trigonometry to the MeAsorement of Distances. 

55. To find the distance between two stations^ one of which 
is acoessUfle, 

Let A and B be the two stations whose distance is required, 
A being accessible. 

Assume in a convenient direction a third station C, from 
which A and B are visible. Measure the distance AC, and 
the angles CAB, BCA. 

Then by (53) lAB=lAC4-LsbBCA+cL8inABC--10, 
lBC=lAC+LsinBAC+cL8inABC~10. 

Example I. — Bein^ on the side of a river, and wanting to know 
the distance to a houAe that stood on the opposite side, I measured 
200 yards in a straight line by the side of the river, and found that 
at each end of this line, the horisontal angles formed by the other 
end and the house were 73^ 15' an^ 68° 2' : what is the distance 



between each station and the house? 



780 ly 
68 1 



141 17 
Distanceffrom flrtt »tati9n. 



L too, 

cL BiD 38° 48^ . 
—10, 



2-3010300 
9-9672679 
0-2037938 



296*54 'yards. 



2-4720917' 



180O 
141 17 

88 43 

Distance fhtm teeond station. 

1.200, . 2*3010300 

LBiik780 15', . . . 9-9811711 

cL Bin 99P 43', . . 2037938 
—10, 



306-19 yuda. 



8-4859951 



Example II. — To find the perpendicular breadth of a river, I 
ifteasured 100 yards in a straight line close by one side of it, and at 
each end of this linfe I found the angle subt^ded by the other end 
and a tree on the opposdte bank of the river to be 53^ and 79° 12' 
respectively; 

Let h be the perpendicular distance of the tree B from the mea-* 
sored line, A the first station, and C the second. 

Then by (36) l^^lAB+LsiaBAC-lO; 
and by (58) lABrxUC+LsiaBCA+cLsmABClO. 
WhcDce ]A=1AC+L sin BCA+oLsin ABC+L sin BAG- 20. 



79 12 

182 12 

180 

47 48 



inoo, 

LaU790 12', 
cL Bin 47<=> 48', 
Laiu MP 0% 
^20, 



2-ooooooa 

9-9922385 
0*1302962 
9*9023486 



105-9y«ida. 

d2 



2-024883» 
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56. To find the distance between two stations not visible the 
one from the other, but each accessible from a third station. 

Let A and B be the stations whose distance is required, 
and C the third station. 

The distances AC and BC, and the angle ACB, are 
measured : and the oblique-angled triangle ACB gives (51) 
(supposing BCt^^AC) 

Ltani(BAC-ABC)=l(BC-AC)+cl(BC+AC) 
-fcLtanjACB, 
lAB=l(BC+AC)+LsiniACB 

-fcL cos J(BAC— ABQ—IO. 

ExASiFUS III. — Suppose I wanted to know the distance of two 
places to neither of which there is free access from the other, because 
of a hill, precipice, or water; and that I measured from each of these 
places to some convenient third place the distances 735 and 840 
links, and found the angle which they subtend at this third place 
to be 55° 4Xy, What is the d%tance between the two places ? 



840XSvm, . . Ift75 

735/ Difference. . 106 

1. 105 20S1I893 

d.l575, .... 6-8027191 

cLtanSrosC, . 0-2773793 



9-1013880 

70^2'. 



2 ) 550 40 ^ 
27 50 

L 1576, .... 31972806 
L8iD27O50', . . 9-6692260 

cL cos 70 12', . . 0-0034381 

-10, 

2-8699497 

741*21 UnkB. 



57. To find the distance between two objects, neither of 
which is accessible. 

This problem presents three cases, 

I. When both objects can be seen from two known stations, 

Let it be required to find the distance between two objects 
A and B, both of which can be seen &om two stations C 
andD. 

The distance CD is measured. The angles DCA, DOB, 
CD A, CDB, are observed: if the four points A, B, C, D, 
are in the same plane, the angle BOA is the difier(Bnoe 
between DC A and DCB; if not, the angle BOA is measured 
by the instrument. The side AC in lie triangle ACD, 
and the side BC in the triangle BCD are then computed. 
Lastljr, the distance AB is computed in the triangle ABC, 
in whidh the sides AC and BC, together with the contained 
angle BCA, are known. 
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II. When both objects can be seen from only one of the 
stations. 

Let the objects A and B be both visible from the station 
C, and B alone visible from the station D. 

Select another station E accessible from C and from which 
A can be seen. Measure the distances CD, CE, and the 
angles CDB, DCB, BCA, DCA, EGA, and CEA. 

The triangles EGA and CDB will give AC and BC 
respectively ; and the triangle ACB will give AB. 

m. When both objects cannot be seen from the same 
station. 

Suppose the object A can be seen only from the station 
C, and the object B only from D. 

Take a station E accessible from C and from which A is 
visible, and a station F accessible from D and from which 
B can be seen. Measure the distances CE, CD, DF, and 
the angles CEA, ECA, ACD, CDB, FDB, DFB. 

Then AC and BD can be computed in the triangles ACE 
and BDF ; BC and DCB in the triangle DBC ; and the 
required distance AB in the triangle ACB. 

Example IV. — ^An observer at station A wishes to know the dis- 
tance between a house and a mill which are separated from him by 
a river. He takes another station B, SOO yards from A and towards 
the same side as the mill ; he finds that at A, the angle subtended 
by B and the mill is 68° 20', and by the mill and the house 37° ; 
and that at B, the angle subtended by A and the house is 53° B(y, 
and by the house and the mill 45° 15'. 



58° 80' 
37 
58 20 



63° 80' 
45 15 



580 
45 15 
58 20 



148 
180 



50 




180 



45 





31 10 



81 15 



157 
180 



a ) 87° C 
18 30 



22 55 



L300, . 
Lain 53° 30% 
tfLsinSlo 10', 
-10. 

465-98 
761-47 

1227-45 



2-4771213 
9-9051787 
0-2860651 



2-6683651 



1. 800, . 
LsmSlo 16/, 
cL sin SSO 55', 
-10, 

761-47 



296*49 



2-4771218 
9-9949158 
0-4096131 

2-8816502 



I. 295-49, . 
d. 1227-45, 
aLUu 18° 80', 



35° 44'. 



2-4705428 
6-9109962 
0-4754801 



9-8570191 



1.1227-45, . . . 3-0890038 
Lsin 18° 30', . . 9-5014764 
cL 001 350 44', . 0-0905801 

-10, 

2-6810601 
479*8 yaidi^ the required diaUnoe. 
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58. Oiven the cmgle of depression of an object taken at a 
hnoion height above the horizontal plane of the object^ to find 
the distance. 

Let A be the object, O the place of observation at a known 
height OB above the horizontal plane of the object, and 
COA the angle of depression. 

The trian^e OBA risht- angled in B, and in which OB 
and O AB are known, wm give the distances BA and OA. 

Example Y From the top of a ship's mast, 80 feet above the 

water, the angle of depression of another ship's hull is 20^ 18' 40^'. 
What is the distance between the two ships? 

1.80, .... 1-9030900 
heaiiiPWy . . 10 4315144 

20", . . 1291 

-10. 

2*3347335 

21 61 4 feet 

59. To find the distance between two objects in the sanie 
horizontal plane by observing their angles of depression from 
a hnovm height above the plane. 

Two cases present themselves in this problem. 

I. When the two objects and the observer's place are in 
the same vertical plane. 

Let A and B be the two objects ; O the observer's place, 
whose distance OC above the horizontal plane of the objects 
is given ; DOA and DOB the given angles of depression. 

These angles are respectively equal to the angles OAC 
andOBC. 

The triangles AOB and AGO give (45 and 35) 
AB^sin AO B_sin (CBO—CAO) OC 
AO sinOBA"" smCBO ' ^""~sinOAC' 

therefore, A^^^^^^^^. 

smCAO. smCBO 

and 1AB=10C+L sin (CBO— CAO)+cL an CAO 
+cLsinCBO— 10. 

n. When the objects and the observ^'s place are not in 
the same vertical plane. 

Let be the observer's place, and A and B the two 
objects not in the same vertical plane with the place of 
observation. Besides the angles of depression, the angle 
Subtended at O by A and B is to be measured. 
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Then OA and OB can be found from the right-angled 
triangles AOC, BOC ; and the reqQn*ed distance AB from 
the triangle AOB by (51). 

HA- nj^- 
^^~'sm OAC ^^~sin OBC 

tani(OAB-OBA)=?|=^ cot JAOB, 



AB=(OA+OB) 



sin^AOB 



^cosKOAB— OBA)* 
Whence, 

10A=10C+cL sin OAC, 10B=10C+cL sin OBC. 
L tanKOAB— 0BA)=1(0B— 0A)+cl(0B+0A) 
-f-cLtanJAOB, 
lAB=l(OA+OB)+LsinJAOB 

+cL cos J(OAB— OBA)— 10. 

Example YI. — From the top of a lighthouse 196 feet above the 
level of the sea, the angles of depression of the hulls of two ships 
are 63° 17' and 38° 46' respectively, and the angle they subt^d at 
the lighthouse is 249 53'. Required the distance of the ships from 
one another. 



1. 196, . 
cLsmeao 17', . 

219-42 
313-02 



2-2932561 
0490815 



2-3412876 



532*44 



1. 196, . 

cL BinSS^ 46', . 

31302 
21942 



2-2922561 
U 2033214 



2-4965776 



cl. 632-44, 
cL tan 12<3 26', 

-10, 



30",. 



380 83'. 



1-9712758 
7-2737293 
0-6566422 



9-9013471 



1. 532-44, 
Lsinl20 26', 

cLoos380 33', 
-10, 



30", . 



2-7262707 
9-3330511 



0-1067574 



2-1663655 
146-68 feet required distance. 



60. To find the distance of an inaccessible object by taking 
its angles of depression from hoo sie^ions at different heights 
above the plane of the object^ the Stance between the two sta^ 
turns being known. 

Let A be the object, O and 0' the two stations in the 
the same vertical direction whose distance from each other 
is ^ven. 

The triangle OAO', in whieh the side 00' and the angles 
AO'O and AOO' are known, will give OA or O'A, the dis- 
tance of the object from either of the stations. The right- 
angled triangle OCA will then give its distance finom the 
vertical line tlirough the stations. 
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61. The distances between three objects on a pUtne^ and the 
angles which each pair of them subtends at a given station 
being knoum, to find the distance of this station from each of 
the three objects. 




Let A, B, C, be the three objects and S the station. The 
distances AB, BC, OA, and the angles BSA, ASC, are 
given : it is required to determine the distances SA, SB, SC. 

At the point S draw a straight line at right angles to SA, 
and through B and C straight lines at right angles to AB 
and AC, meeting the first perpendicular in D and E. 
Join AD and AE. 

Then because (9) ADB=ASB, and AEC=ASC, 

AD=^, AE= 



sinASB' sin ASC* 

In the triangle BAC, where the sides are known, the angle 
A can be computed : but A=ABS+ASB+ACS+ASC. 

Therefore, 

ADE+AED=A-(ASB+ASC), 
and ADE— AED=ABS— ACS. 

Hence the triangle ADE gives 

tani(ABS-ACS)=^£^^tan i{ A-(ASB+ASC)} 

and the angles ACS and ABS can be found. The distances 
AS, BS, CS, will then be obtained from the triangles ADS, 
ABS, and ACS: 

AS=ADsinABS, 

sm Aoi> 

nnAbC 
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Tke logarithmic formulsB are as follows : 

Lain iA=J{l(8~AC)+l(8-AB)+clAC+clAB} 
lAD=lAB+cL8mASB, 
lAE=lAC+cL8mASC. 
L tan KABS— ACS)=1(AE— AD)+cl(AE+AD) 

+L tan J { A-(ASB+ASC)} -10, 
1AS=1AD+L sin ABS— 10, 
1BS=1AB+L sin (ABS+ASB)+cL sin ASB— 10, 
1CS=1AC+L sin (ACS+ASC) +cL sin ASC— 10. 

Example YII ^Three objects, A, B, G, of which A is the nearest 

to me, and seen between the others, are at 266*5, 580, and 327*5 
yards from each other ; and the angle subtended at my station by 
the two first is 1S° 30', and by the first and hist 29^ 50'. Required 
the distances of the three objects from me. 



630 

266-5 

887-6 

1124 

562 

295-5 

234*5 



L 295-5, . 
L 234 5, . 
cl. 266-5, . 
cL 327-5, . 



630 0', 



2-4706675 
2-3701428 
7-5743028 
7-4847887 

19-8997938 

9^496969 



LS66 -5, . 



1141-6 

658-32 



483-28 



2-4266979 
0-6318147 



3-0576119 



1. 327-6, 

cL fill 290 60^, 



658-32 
1141-6 



1799-92 



2*6162113 
0-3032266 



2*8184368 



13© 80' 
29 60 



43 20 



2)480 8V 

21 40 
63 

41 20 



L 488*28, 
cL 1799-92, 
Ltan41O20', 
—10 



18017'. 



2*6841988 
6-7447468 
9-9442619 

9-8782076 



410 20') snm =540 87' 
13 17 5 differenoe=28 8 



280 y 
18 80 



41 88 



540 87' 
29 60 



84 27 



1. 1M1*< 
L sin 28 
—10 



686 88. 



8- 0575119 

9- 6723218 



2-7298332 



1. 266-5, 
Lain 410 33', 
irLainlSOSO', 
—10, 



767-19. 



2*4266972 
9-82169*26 
0-6818147 

2*8792045 



1.327-5, 
Liin 840 27',. 
cLn]i29O60', 
-10, 



665-28. 



2-61521 18 
9*9979698 
0-3032266 

2*8163961 



d3 
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LESSON vm. 

Application of Plane Trigfonometry to the Measarement of Heights — 
Exercises for computing heights and distances. 

MBASUSBMSNT OF HJIIOH!CS, 

62. To Jind the height cf an object whose base is accessible. 

Two cases have to be conradered in this problem. 

I. When the base is in the same horizontal plane with 
the observer. 

Let AB be the object. From the base B measure the 
straight line BC to any convenient point 0. Place the in- 
strument at C, and let CF be its height above the horizon. 
Observe the angle which the line of direction from F to the 
top of the object makes with the horizontal line F£ which 
meets the line AB in E. 

The right-angled triangle ADE, in which the angle ADE 
and the side DE (equal to CB) are known, will give the side 
AE : adding the height of the instrument above the horizon, 
the height of the object AB will be determined. 

Example I. — Having measured 100 feet from the bottom of a 
tower, in a direct line from it, on a horizontal plane, I then took 
the angle of elevation of Uie top and found it to be 47^ SC; tke 
height the instrument was 5 feet Required the height of the 
tower. 

1.100, 2 0000000 

L ton 47° 30', . . . 10 0379475 

—10, 

20379476 

109-13 feet 

n. When the object is on a plane inclined to the horizon. 

Let AB be the object standing on the plane BC inclined 
to the horizon, whose height it is proposed to compute. 

First method. — On AB mark the point E, so that BE be 
equal to the height of the instrument. Measure the dis- 
tances BC, CD in a direct line from the base B alone the 
inclined plane BD ; at the stations C and D, take wim the 
instrument the angles AFE and AGE, subtended by the 
part of the object between the top and the point E. 

The triangle AFG, in which GF is equal to DC, and the 
angle GAF to AFE- AGE will give AF by (53), and the 
side AE will be determined from the triangle AFE by (51). 
Adding the height of the instrument to the value thus found 
for AE, the whole height AB will become known. 
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Second method,— On AB mark the point £, so that BE 
be eqoal to the height of the instrument. lieasnre the 
distance EC in a direct line from the base B along the in- 
clined plane ; at the station G, take the angle AJ'E sub- 
tended by A£, and the angle of elevation AFH of the top 
of the object, H bein^ the point in which the horizontiu 
line FH meets the vertical AJB. 

Then EH and FH will be obtained from the right-angled 
triangle EFH, and AH from the right-angled triangle AFH. 
The required height AB, which is equal to AH-f-EB±EH 
is ther^(H^ determined, the sign -f- or - to be taken accord- 
ing as the horizontal line FH meets AB, or AB produced. 

Example II. — I measured a distance of 40 feet from the bottom 
of an obelisk standing on a declivity, and then took the angle formed 
by a parallel to the plane, with the straight line drawn to the top 
41^; going on in the same direction 60 feet farther, the angle was 
2S9 45'. What was the height of the obelisk, the height of the in- 
stnunent being 5 feet from &e ground? 

From triatigle GFA. 

1.60 I-778UI3 

L sin 230 45% . . . 9*6050320 
cL sin 170 15', . 0-5279144 

1-9U0977 



41© 0' 
33 45 



2/410 0* 



17 IS 



1. 41*489, . 
a. 121*489. . 

rL Un 20° 30^, 

420 24', 



20 30 



8)-489\mun =121-489 
40 ) differonoe=s 4 1 489 



Fwom tfiangie AFB. 



1*6179330 
7*9154631 
0-4272623 

9-9606584 



1. 121-489, . 
L Mik 2XP 30', 
cL eoa 42<3 24, 
-1(^ 



2-0845369 
9-544S25a 

0- 1316758 

1- 7605380 



62*615 f«et, the required height 

63. To find the height of an object when Us base is inac- 
cessible. 

This problem presents three cases. 

I. When two stations can be taken in the same straight 
line and in the same homontal plane with the base of the 
object. 

Let AB be an inaccessible object whose height is required. 
Take in the same horizontal plane with the base B, and in 
the same straight line with it, two stations C and D. Mea- 
sure the distance CD ; at the stations C and D, take the 
the angles AF£ and AGE, formed by the straight lines AF 
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and AGr with the horizontal line GF, produced to meet AB 
in E, the perpendiculars CF and DG representing the 
height of the instrument. 

The triangle AFG gives, 

1AF=1FG+L sinAGF+cL sin (AFE-AGF)-10, 
and the triangle AFE, right-angled in E, gives, 

1AE=IAF+L sinAFE- 10. 
Therefore, 

1AE=1FG+L sin AGF+cL sin (AFE - AGF) 
+L sinAFE— 20. 
Then, AB=AE+EB. 

n. When two stations can be selected in the same straight 
line, but not in the same horizontal plane with the base. 

Let C and D be the two stations. Measure the distance 
CD ; at D take the angle AGE formed by AG, and a pa- 
rallel GFE to the straight line DCB; and at C take the 
angles AFH and EFH, formed b^ the horizontal line FH 
(meeting the vertical AB in H) with the straight lines AF 
and FE. The perpendiculars CF and DG represent the 
height of the instrument. 

Then AF will be obtained from the oblique-angled triangle 
AFG, AH and FH from the right-angled triangle AFH, 
and EH from the right-angled triangle EFH. And AH-f 
HE+EB, or AH— HE+EB, will be the required height 
according as the angle of inclination ABC is acute or obtuse. 

The logarithmic formulsB for the computation are, 
1 AF=1FG+L sin AGF+cL sin (AFE— AGF)— 10 
lAH=lAF+LsinAFH— 10, lFH=lAF+Lcos AFH— 10 
lHE=lFH+LtanEFH-10. 

m. When the two stations cannot be taken in the same 
straight line with the base. 

Let C and D be two stations not in the same straight line 
with the base B of the object, one of them C being in the 
same horizontal plane with the base. Let the vertical lines 
CF and DG represent the height of the instrument. Mea^ 
sure CD ; at D take the angle AGF formed by the straight 
line AG and the parallel GF to the straight line .ioining ^e 
two stations ; at C take the angles GFA and AFE, E being 
the point where the parallel through F to the line joining 
the station C and the base B meets the vertical AB. 
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The triangle AGF will give the value of AF, and the tri- 
angle AF£ will ^ve AE, which added to EB, the height of 
the instrument gives AB, the required height. 

The logarithmic expressions are the same as those used in 
the first case, with the exception that cL sin (AGF+AFG) 
must be used instead of cLsin ^AFE — AGF). 

If nether of the stations be m the horizontal plane pass- 
ing through B, a modification similar to that employed in 
the second case will have to be adopted. 

The work will be simplified if the two stations can be 
taken in the same vertical plane with the top of the object. 

Example III. — ^At a station at the bottom of a hill, the angle 
of elevation of the top was 56° 12', and at a station 100 yards from 
the first on a rising bank opposite to the hill, but in the same ver- 
tical plane with the top and the first station, the angle of elevation 
of the top was found to be 18° 35', and the angle of depression of 
the station at the bottom 28° 48'. Required the perpendicular height 
of the hill, the height of the instrument being 5 feet. 

By constructing the diagram for this example, it will be seen that 
the angle opposite the measured base 100 yards is the difference of 
the two angles of elevation 56° 12' and 18° 35', and the formula 
to be used will consequently be the same as in the first case of this 
problem. 

660 12' 18° ay 

18 35 28 48 

37 37 47 23 

1. 100. . . . . 2-0000000 
Lain 470 23", . . . 9 8668189 
i?L8in370 37', . . . 0-2144028 
Lain 66° 12', . . . 9-9195929 

—20. 

2 0008146 

100*19 
1-66 

101*85 yards, the required height 

64. To find the height of an object on an inaccessible hill. 

There are two cases in this problem. 

I. When two stations can be selected in the same vertical 
plane with the object. 

Let AB be the object ; C and D two stations in the same 
vertical plane with AB ; and let the vertical lines CF, DG, 
represent the height of the instrument. Measure the dis- 
tance CD ; at D take the angles AGF and BGF, and at C 
the angles AFG and BFG. 
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Then AG will be found from the triangle AFG, BG from 
the triangle 6FG, and AB from the triangle ABG. 

The following are the logarithmic expressions for tike 
computation. 



1AG=1GF+L sin AFG+cL sin (AGF+AFG)— 1 
1BG=1GF+L sin BFG+cLsin (BGF+BFG)— 10 
Ltan i(GBA— GAB)=l(AG-BG)+-cl(AG+BG) 



lAB=l(AG-hBG)+L sin i(AGF-BGF) 
+cL cos i(GBA— GAB)— 10. 

II. When the two stations are not in the same Tertical 
plane with the object. 

In this case the angle AGB is not the difference of the 
angles AGF and BGF; it is the difference between the 
angles of elevation of the top and bottom of the object at 
the station D, and has to be measured, in addition to the 
measurements taken in the foregoing case. The compu- 
tation is then conducted as above. 



1. From^the edge of a ditch, 18 feet wide, snrronnding a fort, I 
took the angle of elevation of the top of the wall, and found it to be 
62^ 40'. Required the height of the wall, and the length of a ladder 
necessary to reach from my station to the top of it. 

2. From the top of a tower whose height was 120 feet, I took the 
angle of depression of two trees that stood in a direct line on the 
same horizontal plane with the bottom of the tower, viz., that of the 
nearer 57°, and that of the farther 25^ 30". What is the distance 
between the two trees, and the distance of each from the bottom of 
the tower? 

3. Wanting to know the height of, and my distance from, an ob- 
ject on the other side of a river, which seemed to be on a level with 
the place where I stood close by the side of the river ; and not having 
room to go backward on the same plane on account of the immediate 
rise of the bank, I placed a mark where I stood, and measured in a 
direct line from the object up the hill, whose ascent was so regular 
as to be considered a straight line, to a distance of 132 yards^ where 
I perceived that I was above the level of the top of the object ; I 
there took the angles of depression of the mark by the river's side 
42°, of the bottom of the object 27^, and of its top iy>. Requirod 
the height of the object, .and the distanoe of the mark from its 
bottom. 



+cLtanKAGF-BGF) 
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4. Being on a horiaontil pfame, and wanting to know the height 
of an object on the top of an inaeceasible hill, I took the angle of 
deTation of the top of the hill, 40°, and of the top of the object, 51° ; 
measuring then in a direct line from it to the distance of 100 yards 
farther, I found the angle of the top of the object to be 33° 45'. 
What is the height of the object? 

5. From a window near the bottom of a house which seemed to 
be on the level with the bottom of a steeple, I took the angle of 
elevation of the top of the steeple, 47° 16' 82'', and from another 
window 18 feet directly above the former, the same angle was 
37° 30' 21". What then were the height and distance of the steeple ? 

6. What is the perpendicular height of a cloud whose angles of 
elevation are 35° 42' and 64° 18', taken by two observers at the 
same time and on the same side of the cloud, at a distance of 880 
yards from one another, and so placed that a vertical plane would 
pass through both their stations and the clqud? Also, what is its 
distance from the two places of observation ? 

7. Two ships of war, intending to cannonade a fort, are kept so 
far from it by the shallowness of the water, that they suspect their 
guns cannot reach it In order, therefore, to ascertain the distance, 
they separate from each other half a-mile, and. then each ship ob- 
serving the angle which the other and the fort subtend, the angles 
are found to be 85° 15' and 83° 45'. What is the distance between 
each ship and the fort ? 

8. From a ship at sea a point of land was observed to bear east 
by south, and after sailing north-east 12 miles, it was set again and 
found to bear south-east by east How far from the point of land 
was the last observation made ? 

9. A May-pole 50 Uetjll inches high, at a certain time will cast 
a shadow 98 feet 6 inches long. What then is the breadth of a river 
which, running within 20 feet 6 inches of the foot of a steeple ^00 
feet 8 inches high, will, at the same time, throw the extremity of 
its shadow 30 feet 9 inches beyond the stream? 

10. Suppose a lighthouse built on the top of a rock : the distance 
between tiie place of observation and that part of the rock which 
is level with the eye and directly under the building is given 310 
fathoms ; the distance from the top of the rock to the place of ob- 
servation is 423 fathoms, and from the top of the lighthouse 425. 
Required the height of the lighthouse. 

11. There are two columns standing in a plain, the one 64 feet 
above it, the other 50. In a right line between them stands a 
statue, the head of which is 97 feet from the sammit of the. higher, 
and 86 feet from that of the lower column, the base of which 
measures 76 feet to the centre of the figure's base. Required the 
distance between the tops of the two columns. 
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12. Suppose the breadth of a well at the top to be 6 feet, and the 
angle formed by its side and a visual ray from the edge at the top 
to the opposite side at the bottom to be 18^ 30'. What is the depth 
of the well? 

13. At 85 feet distance from the bottom of a tower, the angle of 
its elevation was found to be 52° 30' 17". Required the height of 
the tower. 

14. At a certain station the angle of elevation of an inaccessible 
tower was 26° 14' 86", and, measuring 76 yards in a direct line 
towards it, the angle of elevation was then found to be 61° 30' 12". 
Required the height of the tower, and the distance from the last 
station. 

15. To find the distance of an inaccessible castle-gate, I measured 
a line of 73 yards, and at each end of it took the angle of position 
of the object and the other end, and found the one to be 90°, and 
the other 61° 45'« Required the distance of the gate from each 
station. 

16. From the top of a tower by the sea-side, 143 feet high, I 
observed the angle of depression of a ship's hull, then at anchor, to 
be 35° 27' 47". What was its distance from the bottom of the 
wall? 

17. Sailing west-south-west, I saw at some distance a point of 
land which I set and found its bearing west by north ; and after 
sailing 6 leagues farther, I set it again and found its bearing north- 
west by west. What was its distance? 

18. Observing three steeples, A, B, C, in a town, whose distances 
asunder are known to be, AB 106^, BC 131, AC 202, fathoms, I 
took their angles of position from the place D where I stood, which 
was nearest to the steeple B, and found the angle ADB 13° 30', and 
the angle CDB 29° 50'. What was my distance from each of the 
three steeples ? 

19. Supposing the station D to be farthest from the steeple B, 
required to find the distances from it, when AB is 9, BC 6, AC 12, 
furlongs, and the angles ADB and CDB to be 33° 45', and 22° 80^ 
respectively. 

20. A ship sailing north-west, two islands appear in sight, of 
which the one bore north, and the other west north-west : but after 
sailing 20 leagaes, the former bore north-east, and the latter west 
by south. Wliat is the distance asunder of the two islands ? 

21. The distance between two stations is 249*56 chains : at the 
first station two objects subtend with the second station angles of 
93° 29'' and 49° 15' ; and at the second station the same objects 
subtend with the first station angles of 57° 36' and 99° 14'. Re- 
quired the distance between the two objects. 

22. The distances between three points on the map of a country 
are 335*29, 257*53, and 42914 chains. It is required to find the 
distance from each of these points of a fourth point at which th» 
first and second subtend an angle of 23° 36', and thfi fiist and third 
one of 31° 40'. 
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LESSON IX. 

Application of Plane Trigonometry to the Measurement of Areas — 
Triangles and rarallelograms — Quadrilaterals. 

TRIANGLES AND PABALLBLOGBAMS. 

65. Oiven two sides and the contained angle of a triangle,, 
to find its area. 

Let C be the given angle, AC and BC the given sides, and 
T the area of the triangle. 

From A let AD be drawn at right angles to BC. 
Then AD=AC sin ACB ; and as the area of the triangle 
has for its expression jBC.AD, it follows that, 

T=lab sin C, whence lT=lfl+li+L sin C+cl.2— 20. 

The area of a parallelogram, whose sides and angles are 
known, will therefore be equal to the product of the two ad- 
jacent sides by the sine of the contained angle. 

66. Oiven the three sides of a triangle^ to find the area. 

From (65) T=\ah sin C, 

2 

and from (52) sin 0,-=^^/ s{s — a)(' 5— J) («— c) . 

Therefore, T=\/« («— a) («— ft) (*— c), 
and lT=-j{b+l(s— fl)+l(5— J)+l(«— c) }. 

67. Ginen two angles and a side in a triangle^ to find its 
area. 

Let A and B be the given angles, and c the given side. 

sinB 

From (65) T=Jftcsin A, and from (45) b—c 
sin A sin B 

Therefore, ^-i'^' ^(A+B)' 

and lT=2lc+L sin A^- L sin B+cL sin (A+B) +cL2— 30. 

68. Given two sides of a triangle and the angle opposite to 
one of them^ to find the area. 

Let h and c be the two given sides, and C the given angle. 
From (54) LsinB^lft+clc+LsinC— 10, 
and then by (65), lT=lft+lc+L sin (B+C)+cl.2— 20. 
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69. The areas of ivoo equiangtdar triangles are in the du- 
plicate ratio of their homologouit sides. (B. yi., Prop, xix.) 

Let T and T' be the areas of two equiangular triangles, 
a and a' homologous sides. 

Then, T=J<^5^^^, and T'=K»^?-^. 

Sin A sm A 

Whence, ^ =— *. 

70. The areas of equiangular parallelograms have to one 
another^ the ratio which is compounded of the ratios df the 
sides. (B. vi., Prop, xxiii.) 

Let P and P' be equiangular parallelograms, a and b two 
adjacent sides, and A the contained angle in the one ; a' and 
b' two adjacent sides, and A the contained angle in the other. 
Then P=aJ sin A, and P'=«'&' sin A, 

.... V ab a b 

which give T?.="Tr;=-/* r/ 

^ P' a'b' a' b' 



QUADBILATESALS. 

71. Given the diagonals of a quadrilateral^ and the angle 
they contain^ to find the area, 

Jjet ABCD be the quadrilateral whose diagonals AC and 
BD intersecting in O are given, as well as the angle AOB. 

The area of the quadrilateral will be equal to the sum of 
the areas of the four triangles AOB, BOC, COD, DOA, 
and will have for its expression ^ACBD sin AOB. 

72. Given the four sides qf d q^adrUateral^ and the angle 
contained by its diagonals^ to find the area. 

Let ABCD be the quadrilateral ; let a, b^ c, and d^ repre- 
sent the given sides AB, BC, CD, DA, and O the acute 
angle formed at the intersection of the diagonals AC and 
BD« wliich suppose to be subtended by either of the opposite 
sides AB or CD. 

Then (46) 

a«=AO«+OB«— 2A0.0B cos O 
fr»=B0»+OC>+2BO.0C COB O 
c«=CO»+OD«-.2CO.ODco80 
£?=DO»+OA»+2DaOAcoi O 
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and therefore 

(a»+c«)=:2AC.BD cos O. 
But by (71) Q=JAC.BD sin O. 
Therefore Q==i{6«+cP— (a»+c*>}ta» O. 

If ^= tan -= tan^, j^=cos x, 

this value will become 

Qr^ih^ 860*0 sec'x ^ P? 
which is calculable by logarithms. 

73. Given the four sides of a quadrilateral whose opposite 
angles are together equal to two right armies, to find the 
angles and the area. 

Let the sides AB, BC, CD, and DA, of the quadrilateral 
be represented by a, c, and d respectively, the diagonal 
AC by j5, and the sum a+J+c+<? by 2*. 

By (46) 

p8=a2-|-5«_2aJ cos B, and ^*=c'+£P— 2c«f cos D, 
but cos D= — cos B ; 

therefore 

a«+&«— 2a5 cos B=c*+d*+2crfcos B, 

l_cosB=l_?!±?!=^> 

2{ah-\-cd) 

^ (c+d)^-(a-by (s^)(s^) 
2(ab+ed) (ab+ed) ' 

l+cosB=l-^ — I. . 

' 2(ai+crf) 

2(a6+crf) (a*+cd) ' 

and therefore, ' 

*" *"°''</ (")(^ ' <i->'(<— )(<-»X<-')(«-<0- 
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EXBBCISES. 

The numerical data of the exercises appended to the Beveral 
cases of right-angled and oblique-angled triangles, will be sufficient 
for the computation of the areas of the triangles, and will furnish 
the student with further practice in the use of tl^e logarithmic 
tables. 



1. Through a given point in the straight line bisecting a given 
angle, to draw a straight line such that the triangle it forms with 
the two sides shall contain a given area. 

2. Among all triangles having a common side and equal angles 
opposite to this side, to determine that whose area is a maximum. 

3. If R (Lesson VI, Exercise 36), and the three angles of a tri- 
angle be given, the area has for its expression 

2Rs8inA8inBsmC. 

4. If the three angles of a triangle be given, the ratio of R to r 
(Lesson VI, Exercise 34), has for its expression 

sin A-f sinB+sinC 
2 sin A sin B sin C. 

5. Given an angle of a triangle, the straight line joining its ver- 
tex with the middle point of the opposite side, and the perpendicular 
from the angle upon this side, to compute the area, sides, and angles 
of the triangle. 

6. Given in a triangle the area, perimeter, and one of the angles, 
to compute the sides and angles. 

7. Given in a right-angled triangle the hypotenuse and r, to find 
the area, sides, and angles. 

8. Given in a right-angled triangle one of the sides and r, to 
compute the area, hypotenuse, and angles. 

9. Express the area of a triangle in function of the three sides 
and R. 

10. In a triangle, if T be the area, 

(1) sin J A rin iB sin iC=^ 

(2) cos J A cos ih cos iC=^ 

T 

(3) tan JA tan JB tan JC=- 

(4) T«=rrVV". 

11. Given in a triangle a side, the angle opposite to it, and the 
area, to determine the remaining parts. 

12. Given the area of a triangle and two angles, to calculate the 
aides. 
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13. Given the side, the perimeter, and the area of a triangle, to 
calculate the angles and sides. 

14. If the points in which the perpendicnlars from the angles of 
a triangle npon the opposite sides meet these sides, be joined, the 
triangle thus formed has to the given triangle the same ratio as 
twice the product of the cosines of the three angles has to L 



LESSON X. 

Regular Polygons inscribed and circumscribed, t|ieir Areas and Peri- 
meters — Series of polygons formed by continual bisections of the 
centnil angles^Limit of the ratio which the successive or tbe corres- 
ponding polygons bear the one to the other — Approximate value of 
the limit «*. — Area and Circumference of a circle. 

&BGULAB POIiiaOl^S INSOBIBEP AND OIBOTJMSOBIBEp, THEIB 
ABBAS AND PEBIMETEBS. 

74. A polygon is said to be regular when t|]l its sides are 
equal and ail its angles equal. 

75. The followmg properties of regular polygons are easily 
proved 

(1 ) . If the straight lines bisecting two of the angles of a 
regular polygon be produced to meet, their point of inter- 
section shall be equally distant from all the vertices of the 
polygon. 

(2) . It shall also be equally distant frcnn the points of bisec- 
tion of the sides. 

(3) . If at the middle points of two sides of a regular poly- 
gon, straight lines be drawn at right angles to the sides and 
produced to meet, their point of intersection shall be equally 
distanjt firon^ >thp sides, and also from the vertices of the 
polygon. 

(4) . The angles at this point (which is called the centre of 
the polygon), subtended by the sides shall be equal to one 
another. 

(5) . If the central angles of a regular polygon be bisected, 
and on ^he bitting lines points be taken at the same dis- 
tance from the centre as the vertices of tbe polygon, the 
straight lioes joining -these points with the vertices of the 
I)olygon shall form a regular polygon inscribed in the same 
circle, bi)t of twice as loany sides as the original polygon. 
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76. Hie drciimference of a ohrde described from the cen- 
tre of a regular polygon, with the distance of any of its rer- 
dees as radius, is said to circumscribe the polygon ; and the 
polygon 'is said to he inscribed in the circle. 

The circumfei^nce of a circle described from th6 centre 
of a re^lar poh^gon, with its distance from any of the sides 
as radius, is said to be itiscribed in the polygon; and the 
polygon is said to be described aboat the circle. 

77. If throngh the vertices of a regular polygon straight 
lines be drawn at right angles to the radii of the circum- 
scribing circle, the polygon formed by the intersections of 
these straight lines shall bd a regular polygon of the same 
number of sides as the given one, but of greater pei^im^ter 
atid area ; and it shall described abotit th^ circle. 

Tl^e central angle subtended by a side of this polygon 
shall be equal to the central angle of the original polygon. 

78. Th^ perimeter and area of a regular polj^rgon are 
greater than the circumference and area of the inscribed 
circle, but less thin thbse of the circumscribing circle. 

79. To find the ared and perimeter of a regular polyg&n, 
when the side and the number of sides are given. 

Let a be the side atid n the number of sides. 

Each of the central angles will be e<5|tial to -36(P,'and 
the perpendicular distance of the centre from the side will 
be expressed by ^a cot ^360^. l^e area of the correspmid- 

ing triangle will therefore be {a^ <Sbi^ 360°. 

^n 

As the triangles corresponding to each side are equal, aad 
a^ there are n such triangles in Uie polygon, the area of the 

polygon will be cot ^ 360^. 

^n 

'SHiG computed valuto of the expression 4it cot'-L860<^ 

2n 

{of the several values of n' from 3 to 12 are the multipliers 
given in works on Me^isuration in' the rule for finding the' 
ai^ of regular polygons. 
The perimeter is so: 
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80. To find the area and perimeter of a regular pciygen^ 
when the number of sides and the radius of the circumscribing 
circle are given. 

Let n be the number of sides and B the radius of the 
circumscribing circle. 

The central angle will be expressed hy ^360° ; and the 

area of the triangle corresponding to each of the sides -will be 

JR'siniseOo, or R« sin iseo® cos 360°. 
» 2n 2n 

The polygon will therefore have for its area 

«Rnain-360° or nR» sin 1360°^ cos ^ 360°. 
^ n 2n 2n 

The perimeter will be expressed by 

2«Rsiri~360° 
2n 

81. To find the area and perimeter of a regular polygon, 
when the number of sides and the radius of the inscribed circle 
are given. 

Let n be nuiaber of sides, and r the giveb radhis. 

Then ^300° will be ot& of the central angles, and ctee of the 

eorrespondisg triangles will hare forks side 2r tan 360^, 

and for its area r'taii i 360°. 

2n 

The area of the polygon and its perimieter wifl be 
**^^360°, and 2»r tan ^ 360° 

82. The afeas of regular polygons of the same numb&r of 
sides are to one another as the squares of their sides, or of their 
radii; and the perimeters are as the sides, or the radii. 

If n he the number of sides, a and a' the sides of two 
regular polygons, R and R' their radii, Pand P' their areas, 
then, 

(79) P=i=ia» cot ^360°, P'=ia'> coti360°, 
2n 2ji ' 



wttence 



2ji 

P «« 
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Again, 

(80) P=lnR' sin -360o, P'= jnR'^sin^ 360^ 
P R» 

whence 5P'~B7* * 

Also, if p and p' be the perimeters, 

(79) p=zna^ p'=na', whence^=^,, 
and 

(80) ;3!=2Rji»n~860o, ;*'=2R'Ji sin ^SeO^ 
whence 



SEEISS 07 POLTGOKS VOBtfED BT OONTIKUAL BISB0TIOV8 
OF THB GENTBAL ANOLBS. 

83. If a regular polygon he inscribed in a given circle^ and a 

series vf regular polygons of tmce, four times ^ eight times^ 

2' times^ as many sides^ he inscribed in the same circle by 
successive bisections of the central angles^ the side of each of 
these polygons shall he less than that of the polygon which 
precedes U in the series, but the area and perimeter shaU he 
greater. 

L Let s and s' be the sides of two consecutive polygons 
in the series, the £rst of n sides, and the second of 2n «raes, 
and R the radius of the circle. 

Then, «==2R sin ^360°, *'=2R sin ^ 360°, 
whence 

^ sm~360o (2cos*~360o) l+cos^360<> 



sin jj^360° cos jj360° cos j^360° 

But the dehon'inator cos -1 360'' is less than 1 ; therefore, the 

ratio of « to «^ is one of greater inequality, that is to say, -sf 
is less than s. 
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n. Let F and P be the areas of two successive polygons 
Then (80) P=J»R«sm^360<^, P'= j2nR* sin ^ 360° 

p/ asm ^360® , 
wherefore, * 



.1 1 ' 

sin -360O cos ~360® 
n 2jt 



hence, T'z^T. 

m. Jfp and represent the perimeters of two successiye 
polygons, 

p=2iBn sin ^ 360% ;)'=2R2n sin 4^360o, 
. 1 

. 28m7-360o , 
whence, £= 1? = \ , 

P . 1 1 

sm ^360<> cos —360° 

and therefore, p''^p* 

The polygons, therefore, and their perimetm form increas- 
ing senes. 

84. If a regular polygon be described about a circle^ and a 
series of regvdar polygons of turicejfour timeSy eight times,.,., 

2^ times, .,,Ms many sides, be descried about the same 

circle, the side, area, and perimeter of each of these polygons 
shall be less than the side, area, arid perimeter of the polygon 
that precedes it in the series. 

I. If 5 and sf be the sides of two consecutive polygons de- 
scribed about the circle ; then, 

*=2R tan ^360°, «'=2R tan j^360° 

taniseoo ^ 1 
and, 1= ^ =i( 1- tan»^360o) ; 

' tan2;;360o 
therefore, s'-*^. 
n. The areas being represented by P and P', 

(81) P=»iR*tan^360°, F=2nR> tan ^^360° ; 

P' 1 
therefore, ^-=1— tan*— 360°, 

or, P'-^. 

B 
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ILL As to the perimeters p and p'^ 

(81) p=2Rntani.360o, p'=2R2ntan J-seo©. 

2n 4» 

Wherefore, £^=1 — tan« J-360o, 

4n 

and p'-^p- 

The polygons, therefore, and their perimeters form de- 
creasing series. 

LIMIT OF THE BATIO WHIOH THE SVCCEBSIYE OB COBBBS- 

poNDiNa poLiraoifs beab thb one to the othbe. 

85. Tfa regular polygon be inscribed in a given circlf, and 
a regular polygon of the same number of sides descrijbed about 
tV, and if by successive bisections of the cerdral angles^ a series 
of regular polygons be inscribed in the circle^ and another series 
described about it, the ratids of the areas of two successive 
polygons in either series have unity for their limit ; and the 
ratios of the areas of twe polygons of the same number of sides 
in the two series have also unity for their limit. 

Let R be the radius of the given circle ; n the number of 
sides in the primitive polygon m each series ; and A its cen- 
tral angle. Let I be the area of the inscribed, and C of the 
corresponding circumscribed polygon after p bisections of 
the central angles ; I' and C the areas after p-\-\ bisections. 

The central angles in the successive polygons of the two 
series, the areas of the inscribexi and those of the circum- 
scribed polygons, will' be represented by 

A...nR* sin J A cos J A nR* tan JA 

J A. . . jiR« 2 sin ~ A cos ^j,A. .aR« 2 tan i-, A 

isA...nR« 2« sin I A cos I5A...... «R« 2nanLA 



-1- A...nR« 2P sin ±-^A cos ^^A .nR«2p tan ^A 

JpjA...nR» '2^^ sin j^AcoSg^r^A ...«R« 2.^' tan 
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Wherefore, 

1 



As by carrying on the bisections sufficiently far, coSg^i^ 

can be made to differ from unity by a quantity less than any 
assigned one, however small; and as, at the same time, 

tan^^gA, and consequently tan^^j^^A, will become less than 

any assigned quantity, it follows that the two ratios have 
umty for their limit. 

Again I^^'^*'"^'^ . 1 . 



And as cos^^A, and consequently cos'^jA,can be made 

to differ from unity by a smaller quantity than any given 
one, the ratio of the inscribed to the circumscribed polygon 
of the same number of sides, will have unity for its hmit. 

It may be proved, by a similar process, that the ratios oj 
the perimeters of two comecutive polygons in either series have 
unity for their limits as have also the ratios of the perimeters 
of the inscribed and circumscribed polygons of the same num- 
ber of sides. 

Hence, by constructing a sufficient number of inscribed 
and corresponding circumscribed regular polygons, it will be 
always possible to (ind two of the same number of sides such 
that the difference of their areas and of their perimeters 
shall be less than any given quantity, however small 

APPBOXIKATB VALUE OP THfi LIMIT TT. 

86. Td compute an approximate value for the limit towards 
which tend the ratios which the areas of the inscribed and cir- 
cumscribed regular polygons^ ohtameahy successive bisections 
of the central anglest bair to the square of the radius. 

b2 
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Let R be the radius; !<•>, and C, 0« 

the succeseiye polygons inscribed and circumscribed; and 
A the central angle of I and G. 
Then (52) 2 cos JA=V(2+2 cos A) 

2 cos i A= V[2+V (2+2 cos A)] 

2 cosi A=v'[2+V(2+V(2+2 cos A))] 



2 cosi A=\/(2+2 cos^A) 

=V[2+V(2+ +\^(2+2 cos A))] 

the number of radical signs corresponding with the index of 
2 in the denominator of A on the left hand side. 
It follows from this, by (39), that 

2 sin ^ A= (4—4 cos' ^A) 

and thence the value for tan^A may be found. 

I C 
Now gj=='* sin i A cos ^A and gi^** ^A 

I(i) 1 1 . C<** 1 

==2w sin A cosjr: A Si"=2n tan -5, A 



iw 1 , 1 , 1 

^,=2»r. sm -3 A ccs^A Rr=2»» tan^g^ 



The values of these several ratios can, therefore, be calcu- 
lated if the central angle A, and consequently n, be given. 

But as the ratios o^gi *Ogj, of 55*0^, of ^,to^ 

are the same as the ratios of I to C, of 1^^> to C<»>, of r«> to C<«> 

respectively; and as unity is the limit of these latter 

ratios, it follows that the ratios which the inscribed and cor- 
responding circumscribed polygons bear to the square of the 
racuus tend to equality as the number of times iLe anele is 
bisected increases. It wiQ, therefore, be always possible to 
calculate values for two corresponding ratios that shall differ 
by as small a quantity as may be desired. The mean be- 
tween the values for two such ratios will be an approximate 
value of the limit towards which tend the ratios which 
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the areas of the inscribed or circumscribed regular polygons 
bear to the square of the radius, as the number of sides is 
successively doubled. 

Suppose A=30<^, whence n=12, and cos A=iV3; 
then for central angle 

y^-, 2 cos A =\^3 =1-7320508076 

360° 

24 
360° 
~48 
360O 

96 
360O 
192 
360° 
384 
360O 
768 
360O 
1536 
360° 
5072 



2 cos iA=V(2+l-7320508076)=l-9318516525 
2 cos ^ A=\/ (2+1-931851 6525)=l-9828897227 
2 cos ^A=\/C2+l*9828897227)=l -9957 178465 
2 cos ijA=\/(2+l-9957l78465)=l-9989291743 
2 cos ~A= V(2+l-998929l743)=l-9997322757 
2 cos ^A=v'(2+l-9997322757)=l-9999330678 
2 cos ^A=v' (2+1 •9999330678)=! -9999832669 
2 cos ^ A= (2+ 1 -9999832669)= 1 '99999581 67 



and 2 8in^A=0040906112, tani5A=-0020453098. 
But (80) l=nR* sin ^360«> cos ^360^ 
and (81) C=»R* tan ^360'* ; 

360^ 

hence after 7 bisections of the angle 

. 1 360° 1 360° 
gj=1536X8m^-j^Xcos^ — , 

=1^X-0040906112X 1-9999958167 
4 

=3-1415826303. 

-=1536ten-,_, 

=1536 X 0020453091 
=3- 14 15958528. 
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These expressions agree to tHe fourth place of decimals ; the 
mean between them, which is 3* 1 41 5893415, will theirefore 
be an approximate value of the limit. 

This hmit is usually represented by v. Its value has 
recently been calculated to 400 decimal places, but by pro- 
cesses much less tedious than the foregoing, which is inserted 
merely on account of its elementary character, and to give 
the student some idea of the steps by which an approximate 
value of the irrational number v may be calculated. 

The values of the ratios of the perimeters of the polygons 
to the double of the radius tend to the same limit as those of 
the ratios of the areas to the square of the radius. Hence ir is 
the limit towards which tend the ratios which the perimeters 
of the inscribed and circumscribed regular polygons bear to 
the diameter of the circle when the number of sides is suc- 
cessively doubled, 

AREA AND CIRCUMPERENOB OF A CntOLB. 
87. To find the area and perimeter of a gioen circle. 

Let R be the radius, and O, o, be the area and the peri- 
meter of the circle. 

If a series of inscribed and circumscribed regular poly- 
gons pf n, 2n, sides be formed, the areas and 

perimeters of the inscribed prlygons will be less, and those 
of the circumscribed polygons wiU be greater than , the circle 
and its circumference (79). And as at the limit the areas 
of the inscribed and circumscribed polygons coincide with 
one another and with the circle, as well as their perimeters 
and the circumference, and as tt is the value of the limit 
towards which tends the ratio which the area has to the 
square of the radius, or the perimeter to the diameter, it 
follows that the ratio of the circle to the sc^uare of the radius, 
or of its circumference to the diameter, will be expressed by 
the same number v. 



88. Two circles are to one another as the squares of their 
diameters or radii. 

The circumferences of two circles are to one another as their 
diameters or radvL 



whence 



or 



Thus 



0_ o _ 

0=7rR«, o=2irR, 

0=iirD», o==irD, D being the diameter. 
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Application of Plane Trigonometry to Navigation : — Preliminary 
Propositions and Definitions— Plane Sailing — Mercator^s Sailing — 
Parallel Sailing— Middle Latitude Sailing. 

PRBLIMINABT PROPOSITIONS AND DEFINITIONS. 

89. Navigation treats of the methods by which a ship 
may be conducted from one port to another, or her place 
determined at any given moment, and of the principles from 
which the rules and processes furnished for these purposes 
are derived. 

It is the object of this lesson to investigate such Of thB 
principles and rules as depend upon the solution of plane 
right-angled triangles. 

The student is however presumed to have made himself 
thoroughly acquainted with those portions of the Geography 
Generalized that treat of the form, magnitude, and motions 
of the earth, of the circles and lines of the terrestrial globe, 
and of the methods for determining the position of any 
place hy^ its latitude and 4on^ude. 

He will also have to bear m mind the few tbUowing pro- 
positions and definitions. 

( 1 ) The centres of the equator and of the parallels of laiitude 
are on the polar diameter or axis of the earth. 

(2) The radii in the equator and in each parallel are at right 
angles to the axis, 

(3) The angle of two mer&Kcms is measured by the angle 
formed at the centre of the equator^ or of any one of the paral- 
lels, by the intersections of these meridians vnth the equator or 
the parallel 

(4) The measure of an angle at the centre of a circle, and 
that of the arc intercepted between its sides, are expressed by the 
same number of degrees** 

(5) The arcs of circles that subtend equal angles at the centres 
are proportiaruu to the radii of the circles.^ 

(6) The Latitude of a place, which is defined to be the arc of 
a meridian circle intercepted between the equator and the 
parallel that passes through the place, may also be considered 
as the acute angle formed at the centre of the earth by the ra- 
dius drawn to the place and the intersection of the m£ridian 
circle of the place unth the equator. 

* To prove this, it will be sufficient to take the definition of Similar S»g- 
menit, the 23rd, 24th, 26th, and 27th Propoflitions of Book III., together wuh 
tiio bth Definition of Book V., and the first part of the 83rd PropotiUon of 
Book VI. 

t This property may be derived from the preceding one, t&ken in connexion 
with (88). 
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For this angle and the arc have thdr measures expressed 
by the same nnmber of degrees. 

90. The length of an arc of the equator is equal to the 
length of the corresponding arc of a parallel (that is, the arc 
intercepted on the parallel between the meridians passing 
through the extremities of the equatorial arc) multiplied by 
the secant of the latitude of the parallel. 

Let P be the pole ; MN an 
arc of the equator between 
the meridians FM, FN; mn 
the arc intercepted by them 
on the parallel of I degrees. 
Then MN=»m sec 

Let be the centre of the 
earth, o the centre of the 
parallel; join ON, on, On. 

The angles MON and mon I \ - ---■A) 

being equal, the arcs MN and / * ' 

mn are as the radii ON and v£n 
on (89, 5). But ON being 
equal to On, and the angle 
noO being a right angle (89, 2), the ratio of ON to on is 
equal to the secant of Owo (19). Therefore 

MN=77zn sec Ono=mn sec 
because Ono=nON=f> (89, 6). 

91. The intersection of the meridian circle of a place, with 
its sensible horizon, corresponds with the meridian line of the 
place. It is the line indicated by the position of the mag- 
netic needle at the place, allowance being made for what is 
called the variation of the compass. 

This meridian line is called the North-and- South line, and 
one at right angles to it, in the same plane, is the East-and- 
West line. 

Of the four right angles, formed by these lines, the two on 
the right-hand side of a person, looking towards the north, 
are csdled the North-East and the South-East quarters ; and 
the two on the left-hand side, the North-West and the Soath- 
West quarters. 

Each of the quarters is subdivided into eight equal parts, 
called points, each of which is further subdivided into 
fourths. 

In the several quarters the angles, or points, are reckoned 
from the north or the south, towards the east or the west. 
A point is equivalent to 11^ 15'. 
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92. The angle, as indicated by the compass, which the 
intersection of the plane of the sensible horizon and a ver- 
tical plane through the fore and aft line of a ship makes 
with the meridian, is the compass course of the ship. 

When the compass course has been corrected for varia- 
tion, deviation, and leeway, the result is called the true 
course. 

The course is expressed in points and fourths of a point, 
or in degrees, minutes, seconds, with the indication of the 
quarter in which it lies. 

93. The straight line in the plane of the horizon, which 
makes with the meridian an angle equal to the course, is a 
rhumb, 

94. The line connecting the several points of the earth 
through which a ship passes in succession while she sails 
without altering her course, is called a rhumb-line^ or loxo- 
dromic curve. 

The distance between any two of these points, measured 
on the rhumb-line, is their nautical distance^! and is usually 
expressed in geographical miles. 

The rhumb-line is not a circle unless the ship be sailing 
due north, due south, due east, or due west. For no circle, 
great or less, makes equal angles with two successive meri- 
dian circles, unless it be at nght angles to the axis of the 
earth. 

PLANE SAILING. 

95. Suppose a ship to have 
sailed from A to B without 
altering her course. 

Draw the meridians PAG, 
PBH, through the places of 
departure and arrival, termi- 
nating in the equator GHEL 
Let ABK be the rhumb-line, 
produced to meet the equator 
inK. 

If a series of parallels be 
drawn from the equator to 
the pole, at a distance of 1' 
from each other, the whole arc Q- 
of the meridians, PG, PH, 
will be divided into 5,400 
equal arcs, each of which 
will be 1 geographical mile 
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in length, and may, therefore, without much error, be con- 
sidered as a straight line. Two of the parallels will pass 
through A and B, or so near to these places as" to warrant 
for aU practical purposes the neglect of the differences, 
which, for each, will not exceed hfdf a minute, that is, half 
a mile in length. The number of minutes in the differenoe 
between the latitudes from and in, will correspond with the 
number of parallels from the parallel of A to that of B, and 
will express in miles the difference of latitude. 

If the two points, A and B, be on opposite sides of the 
equator, the number of minutes in the sum of the latitudes 
from and in, will express in miles the difference of latitude 
of the two places. 

The rhumb-line AB will be divided by the parallels into 
as many small portions as there are minutes, or miles, in the 
difference of latitude, and each of these parts may be con- 
sidered as a straight line. K then meridian circles be con- 
ceived to pass through the several points of intersection of 
the rhumb-line AB with the parallels, a series of triangles 
(of which abe is the type), will be formed, which will be right- 
angled in 6, and may be treated as rectilineal, the side be 
bem^ a mile in length, and the angle hae being the comple- 
ment of the course. 

Let C*^ represent the course ; </, the distance run ; I and 
L the latitude and longitude of departure in minutes ; V and 
L' the latitude and longitude of arrival in minutes. Let 
a'h'e' and a!'h"e" be the first and last of the series of elemen- 
tary triangles such as abe. Then 

5'c'=a'ycosC and a'e'=a'6' sin C 

be=ah cosC ae^^ah sinC 



ird'=ah" cofl C a"e"=a"h" sin C 

Whence, by addition of equals, 

ft'e'...-f 5e...+J"e"=(a'6'...+flft...+a"6'0 cos C, 
and aV...-j-ae...+a'V'=(<^'6^..+a6...-fa''ft'') sinC. 

Bat (b'e'...+h'e^...+h"e") is the difference of latitude 
{a'h' ,..-\-ah.,.-^a"h") is the nautical distanced The sum 
(a'e'...-|-ac...+a"e") which is the sum of all the intercepts 
of the several parallels from A to B, corresponding to the 
subdivisions of the rhumb-line, is called, in nautical language, 
the departure. Let it be represented by D. 
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The foregoing expressions may therefore be written, 
ZWcos C, and D=rf8in C. 
That is to say, the difference of latitude, the nautical dis- 
tance, the course, and the departure, are connected by pre- 
cisely the same relations as are, in a rectilini al right-angled 
triangle; a side, the hypotenuse, the contained angle, and 
the remaining side. 

All questions in navigation involving three out of thesQ 
four (quantities may, therefore, be solved in the same way as 
questions concerning the parts of a rectilineal right-angled 
triangle. Hence, these questions are technically said to be- 
long to Plane Sailing. 

The same two expressions would have been obtained if the 
difference of latitude had been conceived to be divided into 
any parts (whether equal or not) less than I mile ; or if the 
nautical distance had been divided into parts, equal or un- 
equal, sufficiently small to be considered as stnught lines. 

hercator's sailing. 

96. The same series of elementary triangles furnish the 
equations. 

aV=&VtanC whence a V sec Z=6V tan C sec Z 

ae=be tanC ae sec (l—n)=be tan C sec (Z— n) 

a"e"=b"e" tan C aV sec(Z'+lO=&V' tanCsec {V+l% 
where n represents the number of minutes between A and 
the parallel ae. Then as (90) ae sec (l—n) is ecjual to the 
intercept gh on the equator between the two meridians that 
pass through a and 6, the sum 

a'e'secl -{-aesec (/—«)...... +a"c" sec (Z'-flO 

will be equal to GH, the arc of the equator intercepted be- 
tween the meridian circles PG and rH that pass through 
the two places A and B, that is, to the difference of longi- 
tude (L—L') of these two places. 

Therefore, since h'e^=be=h"e''=l minute or 1 mile, 
X— i'=tan C[sec /+ sec (l—l')+ sec (Z— 20......... 

+ sec (Z— («— r))+sec (Z— »)+. 

+ sec (Z'+2')+ sec (Z'-f 1 ')] 

X L' being expressed in minutes or in miles. 
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But [sec 1+ sec (/— 1')+ + sec (^+2')+ sec (I'+V)] 

is the difference between the sum of the secants for every 
minute from the equator to the latitude and the sum of 
the secants for every minute from the equator to the lati- 
tude I', Now, the value of the sum of the secants fot every 
minute of the quadrant from the equator upwards has been 
calculated, and the results have been registered in a table 
called Table of Meridional Parts, in which the value of the 
sum of secants corresponding to any given latitude will be 
found. Thus, corresponding to latitude 20^ 19', stands the 
number 1245 '4, which is the value of 

(sec r+sec2' +sec 1° +sec 20o+sec 20<^ 1'... 

4-sec20° 19'). 

Jf the meridional parts corresponding to the latitude I be 
represented by M, and those corresponding to the latitude 
l by M', the equation given above may be written, 

X— i'=(M— MO tan C, 
showing that the difference of longitude, the meridional dif- 
ference of latitude, and the course, are related in the same 
way as the two sides of a rectilineal right-angled triangle 
and the angle opposite to the first. 

Problems in which the difference of longitude is found in 
this way belong to Mercator's Sailing, 

97. From the three formulae just established 
l—Vz=dco3 C, D=rfsin C, and X— Z'=(M— M') tan C, 

it will appear that for a given distance rf, as the course increases, 
the difference of latitude diminishes while the departure in- 
creases ; and that for a given meridional difference of lati- 
tude, the difference in longitude increases with the course. 

98. If the course is due north or due south, the difference 
of latitude is equal to the distance, and there is neither de- 
parture nor difference of longitude. The formulae in this 
case become, since C=0, 

l—l'=d, D=0, X— X'=0. 
PARALLEL SAILINQ. 

99. When the course is due east or due west, there is no 
difference of latitude, the departure and distance are equal, 
and the difference of longitude will be found by multiplying 
the distance by the secant of the latitude (90.) The two 
first of the formulae become, in this case, that is, for C=90°, 

/— Z'=0, D=<f, 
and the third takes the indeterminate form 
X-X'=0X3o 
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The formula giving the trae value of the difference of 
longitude in this case may be obtained as follows : — 
Multiply together the first and third formulae (97), 
(X— iO(^0=CM— MOdsin C, 

whence, 

M— M' . 
L — L'= ^ ^, dsm C. 

But 

M— M'=secZ+sec(Z— r)+ +8ec(Z'+20+sec(Z'+lO, 

and each of these I — I' terms being less than the preceding 
one, it follows that M — M' is greater than (l—V) sec (Z'+V 

. M— M' 

and less than (Z — V) sec Z. Therefore, the rati o ^ ^, , which 

is always intermediate between sec Z and sec Z', will, at the 
limit (that is when V and Z become equal, and C becomes 
90°) have for its value sec Z ; and sin C will become equal 
to 1 . Therefore, under these circumstances, the true value 
of the difference of longitude will be 
X — X'=£?8ecZ, 

which corresponds with the formula (90) already referred to. 

Questions solved in this way are said to be worked by 
Parallel Sailing, 

MIDDLE LATITUDE SAILING. 

100. The following method, different from that by Mer- 
cator*s Sailing, is sometimes had recourse to for calculating 
the difference of longitude. 

The departure, which is the sum of the intercepts (95) 
a'e',,..ae,,..a"e'\ on the several parallels of latitude, is greater 
than the part AE intercepted on the parallel of departure by 
the meridians PAG and PBH, and less than the part BF 
intercepted by the same meridians on the parallel of arrival. 
If the ship were increasing her latitude instead of diminish- 
ing it, as supposed in the dia^am (95), the reverse would 
be the case. But whether she increase or decrease her lati- 
tude, the departure will have for its measure a number in- 
termediate between the measures ot the parts of the paral- 
lels from and in intercepted by the meridians of the two 
places. And as the departure from being at first, gradu- 
ally attains this value, there will, therefore, be between these 
two parallels a third parallel such that the portion of it be- 
tween the two meridians shall have the same measure as 
the departure, and the difference of longitude shall be the 
same as if the ship had sailed on this parallel from one meri- 
dian to the other. 
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In practice, the mean of the latitudes from and in is taken 
' as the latitude of this parallel, and the departure D having 
been computed by the formuke for plane sailing, the differ- 
ence of longitude is determined by parallel sailing from the 

formula L — Z'=D sec (?i^)=rf sin C sec (^-t^)* 

Problems solved by this method belong to Middle Latitude 
Sailing, 

Example I. — ship from latitude 47*^ 30' N., has sailed 
S.W. by S. 98 miles. What latitude is she in, and what departure 
has she made ? 

She is sailing in the south-west quarter, her course being 
3 points, or 33° 4:6', Then hy (95) 



L ooB 33° 45', 
—10, 

81-48 
47 30 



1*9912261 
9 9198464 



1 -9110725 



1. 98 

Lain 33° 45', 
-10, 



1-9912261 
9-7447390 



1-7359651 



-54*44 miles, the required departure. 



46 9 N, the required l:(titttdo ia. 

Example II. — What is the course, and what the distance from 
Cape Clear (lat. 51° 25' N., long. 9° 29' W.), to the island of St. 
Mary, one of the Azores (lat 36° 58' N., long. 25° 12' W.) 
The course is in the south-west quarter. By (96 and 95). 
Long. J^t, M. Parts. 

9° 29' 51° 25' 3608-7 

■25 12 36 68 2390 2 



^6 43=943^ 



14 27=867' 



1218*5 



2-9745117 
C-9141745 



1943, 

cl. 1218*5, . 



S. 37° 4 i' W, the required oonrse. 



1. 867, 

cL 008 37^44', 



2-9380191 
01048962 



3-0349153 
1083 '7 miles, the required distance. 



Exercises. 

1. A ship from lat. 40° 18' S. has sailed KE. by N. 125 miles. 
Required her latitude in and the departure made. 

2. In sailing 98 miles between the south and east, a ship from 
lat. 60° 13' N. has made her departure 82 miles. Required her 
course, and the latitude in. 

3. Yesterday noon we were in lat. S(P 32' N., and this day at 
noon we were in lat 36° 56' N". ; we have run on a direct course 
between the south and east 5^ knots an hour. Required our course 
and departure. 
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4. A ship in lat. 3° 52' S. is bound to a port bearing N.W. by 
W. J W. in lat 4° 30' N. How far does that port lie to the west- 
ward, and what is the ship's distance from it? 

5. Yesterday noon we were in lat 33° 16' N., and bound to a 
port in lat 28° 36' N. lying 196 miles to the west ; and this day at 
noon we were in lat. 30° 20' N., having made 168 miles of westing. 
Required the^ direct course and distance to our intended port. 

6. Four days ago we were in lat 4° 39' S., long. 83° 16' E. of 
Greenwich ; and now we are in lat 0° 35' N,, having made 200 
miles of westing. Required our present course and distance to 
Acheen, in Sumatra (lat 6° 36' N., long. 96° 26' E.) 

7. A ship from the lat. 10° 38' N., and bound to a port lying 282 
miles to the S.W. by S., after three successive days of bad weather, 
finds herself in lat 3° 68' N., and 120 miles to the eastward. Re- 
quired the course and distance to her intended port. 

8. Two ships take their departure from the Lizard (lat 49° 67' 
30" N.), one bound to St Michael's, which lies 716 miles to the 
south and 745 to the west ; the other bound to Lisbon, lying 661 
miles to the south and 216 to the west, reckoning from the Lizard. 
They sail in company S.W. ^ W. 610 miles, and then part. What 
is the direct course and distance of each ship to her port 

9. Sailing between the north and the west, from a port in 1° 30' 
south latitude, and then arriving at another port in 1° 34' north 
latitude, the ship finds her departure to be 161 miles to the west- 
ward of the first. Required the course and distance from port to 
port 

10. A ship after doubling a cape, and sailing N.E. by N. 45 
miles, receives in the night considerable damage from a storm ; she 
then bore directly towards a lighthouse lying 24 miles to the N.W. 
of the cape, and having run 40 miles, and the day breaking, she 
discovers a port 42 miles to the N. of the cape. Required her 
course and distance to that port 

11. What is the course, and what the distance from Arran Light 
(lat 53° 8' N., long. 9° 36' W.), to Halifax, Nova Scotia (lat 44° 
40', long. 63° 38')? ' 

12. A ship takes her departure from Cape Clear (lat 61° 25' N., 
long. 9° 29' W ), and steers S. 33° 8' W. till she has run 1024 
miles. Required her present latitude and longitude. 

13. A ship in latitude 61° 18' N., long. 22° 6' W., is bound to a 
port in the S.E. quarter, distant 1024 miles, and in lat 37° N. 
What is her direct course, and how much must she alter her longi- 
tude to arrive at the port? 

14. A ship from lat 23° S., sails N.N.E. until her differraice of 
longitude is 7°. Required the latitude in and the distance sailed. 

15. A ship in lat 61° 15' N., and long. 22° W., sails between 
south and west until she has made 664 miles of departure and 786 
miles of difference of longitude. Required her course, latitude and 
longitude in, and the distance run. 
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LESSON XII. 



Elmentarp formula of AncUytiocU Triffonometry:—jLtkglM greftier 
than two right angles, and their anplar functions— Negative angles, 
and their angular functions — Relations connecting the angular func- 
tions of an angle with those of an acute angle— Extension of the 
relations of the angular functions of an angle— Extension of the for- 
mulae for the angular functions of the sum or difference of angles- 
Important formula derived from the foregoing. 

ANGLES QREATEB THAN TWO BIQHT ANQLEB^ AND THBIB 



101. The angles hitherto considered have not exceeded 
two right angles, or 180^. These angles, it has been seen, 
may be conceived as \ ^ / 
formed by the various in- 
clinations to the straight \^ 
line AC, which the Nv 

straight line AB has in 

revolving from the ini-~^7 >^ g 

tial position AC until it >^ 
coincides with the con- 
tinuation AC of the 

straight line AC. In like manner, if the revolving line after 
passing through the position AC continue its motion towards 
AC, the inclination which it has to the initial line AC in any 
of its new positions, AB' for instance, is to be regarded as 
an angle ; and thus arises the consideration of an an^le 
greater than two or than three right angles. If the line 
AB, after returning to the position AC, continue its revo- 
lutions, angles greater than 4, 5, 6, n right angles, will 

be formed. 

It is true that for all^ angles exceeding four right angles, 
or 360°, the revolving line returns to some one of the posi- 
tions it previously occupied in passing round from the initial 
position, and if A be the angle not greater than four right 
angles formed by the revolving and initial lines, the angles 
formed by them, when the revolving line resumes the same 
position after 1,2, 3 n revolutions will be expressed by 

360O+A, 2.360O-fA, 3.360O+A, n.360O-fA. 

Thus, when the revolving line makes with the initial line an 
angle of 2012^, it is in the same position with reference to 
this initial line as it occupied when it made an angle of 
212°, 572° 932°, 1292° and 1652© 



ANGULAB FUNCTIONS. 
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102. The angular functions depending only upon the re- 
lative positions of the revolving and initial lines, will be the 

same for the angles 360o+A, 2.360O+A, ii.360o+A, as 

for the angle A. 

The following relations, wherein A expresses an angle not 
exceeding four right angles, will, therefore, hold : 

sin (n.360o+A)=sin A, cos (n.360°+A)=cos A 
tan (».360°4-A)=tan A, cot (n.360o+A)==cot A 
sec (n.360°+-A-)=sec A, cosec {n.S60°^A)=co8ec A. 

NBGATIYE ANGLES, AND THEIR ANGULAR FUNCTIONS. 

103. The strainrht Bne AB' (101) makes with the initial 
line AC two angles ; one formed by supposing the line to 
revolve, as heretofore, from right to left of a spectator placed 
at the vertex A, and looking along the initial line towards 
C ; the other, by supposing the line to revplve in the oppo- 
site direction, that is, from left to right of the same specta- 
tor. In order to distinguish the one from the other the two 
angles which the revolving line makes with the initial line, 
it has been agreed to a£fect them with opposite signs, and to 
prefix the sign -|-, or no sign, to the angles of the former 
class, and the sign — to those of the latter. 

Thus the angles 

212«' 5720 932° 1292o 1652'^ 
and —1480 — 408o —768° —1128° —1488°, 
are all formed by the same relatiye positions of the revolving 
and initial lines, but the direction m which the revolutions 
take place is different. For the first series the line is sup- 
posed to move from right to left, and for the second series 
from left to right. 

104. The foregoing observations show that 



\ tan (—11.3600— A)=tan (—A), 
[ sec (— n.360O— .A)=sec (— A), 
• cos (— n.360O— A)=cos (—A), 
. cot (— n.360O— A)=cot (—A), 
cosec (— n.3600— A)=cosec (—A), 

and that 

sin (A— n.360O)=sin A, cos (A_».360o)=cos A, 
tan (A— n.360o)=tan A, cot (A— n.360O)=cot A, 
sec (A— n.360O)=sec A, cosec (A— n.360o)=co8ec A. 
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105. Tjf two angles be equal in magnitude but have opposite 
signs^ the absolute values of their angular functions are equal, 
and their sines, tangents, cotangents, and cosecants have oppo- 
site signs, while their secants and cosines have the same sign. 

For, in the first place, the angles being equal in size the 
ratios which constitute their angular functions will be re- 
spectively equal. 

In the second place, in the ratios for the sines the antece- 
flents only are measured in opposite directions ; and the same 
will be the case with the ratios for the tangents. 

In the ratios for the cotangents and cosecants, the conse- 
quents alone are measured in opposite directions. But both 
toT the secants and for the cosines, the terms of the respec- 
tive ratios are measured in the same direction. 

These relations are expressed by writing 

■sin ( — 4)= — ^ <^os ( — A)=cos A, 
tan ( — A)= — tan A, cot ( — A)= — cot A, 
:«ec ( — A)=6ec A, cosec ( — A)= — cosec A. 

106. If the position of the revolving line and the direction 
in which it moves be carefully attended to in each case, 
there will be no difficulty in understanding the following 
relations : 

( sin (n.360°±A)=±sin A cos (7i.360°±A)=cos A 
|tan (w.360°±A)=+tan A cot (fi.360°±A)=±cot A 
'( sec («.360°±A)=sec A cosec (?i.360°±A)=lcosec A 
( sin (A±n.360°)=sin A cos (A±7i.360°)=cos A 
} tan (A±».360°)=tan A cot ? A±n.360°)=cot A 
'( sec (Adbi.360°)=sec A cosec (A±».360°)=cosec A 

RELATIONS CONNECTING THE ANGULAR FUNCTIONS OF A3S( 
ANGLE WITH THOSE OF AN ACUTE ANGLE. 

107. The angular functions of any given angle greater than 
a right angle are equal in absolute value to the corresponding 
angular functions of an angle less than one right angle. 

Any positive angle not greater than four right angles may 
be represented by 

a, 180°— a, 180°+a, or 360°-^, 
where a is a positive angle less than 90° ; and any angle, 
positive or negative, how great soever its measure, will be 
obtained from one of the expressions 

±n.360°±a, or ±ii.360°+180o±a, 
by giving to 7i a suitable value from the series of natural 
nombers 0, 1,2, 3, 4, 
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But / ^ (±n.360°±a') =sm (±a) =^±8in a 

tain (±n.360<»+l80^a)=sm (180o±a)=:f8ina 

/ tan (±n.360o±a) :=tan(±a) =±tano 

I tan (±a.360o+ 1 80o±a)= tan (1 80°±a)=±tan a 

cos (±n.360<*±a) =cos (±a) =C08 a 

COS (±n.360o+l8C°±a)=co8(180O±a)=—cos o. 

Hence the sine, the tangent, and the cosine of any angle 
are equal in absolute value to the sine, the tangent, and the 
cosine of an angle less than one right angle. 

In a similar way, the property may be proTed for the 
secant, cotangent, and cosecant. 

108. To find an avgle less than 90° toJiose angular func- 
tions are equal in absolute value to those of a given angle. 

Find a multiple of 360® such that the difference between 
it and the given angle shall be less than 1 80®. If this dif- 
ference be less than 90®, the problem is solved ; if not, the 
supplement of this difference will be the required angle. 

If 1659® be the given angle, the difference between it 
and five times 360® will be found to be 147®, and then 
180®— 147®, or 33® will be the angle less than 90®, whose 
angular functions will have the same absolute values as 
those of the given angle 1659®. 

109. To find all the angles that have the same given aagtdar 
function with a given angle, 

L Let ^ be tte sine of the given angle A, and let a repre- 
sent the positive angle less than 90®, whose sine is '?. 

9 

P 

If - be positive, the fcrmulsB (107) 

±».360®+o, and ±n.36C®+180®— a, 
will contain all the angles whose sines are equal to ^* 

If ^ be negative, the angles will be contained in the 

formulsB (107) 

±11.360®— a, and ±ii.360®+18C®-f a. 
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U. Let ^ be the tangent of the given angle A, and a the 

positive angle less than 90^, whose tangent is equal to 

The formulae 

±ii.360O-f a, and ±n.360o+180o+a, 

will give the required angle when^ is positive, and thefor- 

mulaB ±n.360O— a, and ±«.360°+180O— a, 

when is negative. 

in. Let ^ be the cosine of the given angle A, and a the 

angle less than 90'^, whose cosine is ~. 
The angles will be obtained from the formul« 
\ ±».360^a, if 2. be positive, 

^ ±«.360o+180o±«, if I be negative. 

EXTENSION OF THE RELATIONS OF THE ANGULAR 
FUNCTIONS OF AN ANGLE. 

110. The complement of a positive angle greater than 90^ 
is negative. 

The complement of a negative angle is positive. 
The supplement of a positive angle greater than IQXP is 
negative. 

The supplement of a negative angle is positive. 

111. The complementary and supplementary relations given 
(28) and (29) hold for all angles, as also the relations proved 
in Lesson IV, 

The extension of the relations in question to all angles will 
offer no difficulty after the foregoing details. For instance, 
to show that the relation cos A= cos' ^ A — sin' JA, proved 
(42) when the angle A does not exceed two right-angles, 
is true for all angles, the following process may be adopted. 

The angle A, whatever be its magnitude, will be expressed 
by one of the formulsB, 

±n.360o±a, or ±n,360o+180±a, 
in which a is an angle less than a right-angle, and for which, 
consequently, by (42), 

cos a= cos* Ja — sin* ^a. 
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I. If tbe angle A belong to the first expression then, 

cos A= cos (±».360^a)= cos a. 
cos JA=cos(±ii.l80o±Ja) 

J cos (±Ja)= cos ia, if 71 be even ; 

1 cos (± 1 80«>± Ja)=— cos ia, if n be odd ; 
sinj A= sm (±n.l80«>±ia) 

{sin (±ia)=± sin ^a, if n be even, 
sin (±180o±Ja)=+sin Jo, if n be odd- 
Therefore, -whether n be even or odd, 

cos A— cos* JA — sin' JA. 

II. If the angle A be contained in the second expression, 
then cos A= cos (±«.360^+180^)=— cos cu 

cos JA= cos (±».180o+90o±ia) 

( cos (90°±ia)=q: sin Ja, when n is even, 

( — cos (90°± Ja)=± sin Ja, when n is odd. 
sin iA= sin (±n.l80o+90°±ia) 

{sin (90°±Ja)= cos Ja, when n is even, 
— sin (90°±ia)= — cos Ja, when n is odd. 
Therefore, whether n be even or odd, 
— cos A= sin* J A — cos* J A, or cos A=- cos* J A — an* J A. 

EXTENSION OF THE FOBMUL^ FOB ANGITLAB FUNCTIONS 
OF THE SUM OB DIFFEBENOE OF ANGLES. 
112. TheforwulcB 

sin (A±BJ= sin A cos B± sin B cos A, 
cos (A±B)= cos A cos B:^ sin A sin B, 
[proved (Lesson TV., Example I, and Exercise 11) for angles 
less than 90°, and whose sum does not exceed 90^], are true 
for all angles. 

First, if true for positive angles, they will be true for nega- 
tive angles. 

Let — A and — B be negative angles, A and B being posi- 
tive. Then (— A)+(— B) will be equal to — (A+B), and 
(— A)— (— B) to — (A— B). 
Then, sin[(— A)+(— B)]=— 8in(A+B) 

= — [sin A cos B-|- sin B cos A] 
sin [(— A)-(— B)]=— sin (A— B) 

= — [sin A cos B — sin B cos A] 
cos [(--A)+(— B)]=cos (A+B) 

=cos A cos B — sin A sin B 
cos [(— A)— (— B)]=cos (A— B) 

=co8 A cos B+ sin A sin B. 
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But, sin A— — sin ( — A), cos A=co8 ( — A), 
smB= — sin (— B), cos B=cos ( — B), 
Therefore, sin [(— A)+(— B)] 

=— [— sin (—A) cos (— B)— sin (— B) cos (—A)] 
=sin (—A) cos (— B)-f-sin (— B) cos {—A). 
Atad sknilarlv for the other formulae. . 

Secondljf^, these formulae will be true for all positive angles. 

I. If the two angles A and B be each less than 90°, but 
liieir sum greater than 90°, and not greater than 180°. 

Let A'=90°— A, and B'=90°— B ; then each of the three 
angles A', B', and A'+B', is less than 90°, and consequently 
the formulae being proved for such angles, 

sin (A'4-B')= sin A' cos B'-|- sin B' cos A', 
COS (A'-l-B')= cos A' cos B' — sin A' sin B'. 
But sin A'=cos A, cos A'=sin A, 

sin B'=cos B, cos B'=sin B, 
aad, because A'+B'=180°— (A+B), 

sin (A'-f-BO= sin (A+B), cos (A'4-B0=— cos(A-f B;. 
The substitution of these values gives, 

sin (A+B)= sin A cos B-{- sin B cos A, 
cos (A-f-B)= cos A cos B — sin A sin B. 

Again, 

sin (A— B)= sin (B'— A'), cos <A— B)=cos (B'- A'), 
Hence, . 

sin (A— B)=sin B'^cos A'— sin A' cos B' 
=cos B sin A — cos A sin B, 

cos (A— B)=cos B'cos A'-[-sin B' sin A' 
=sin B sin A -f-cos B cos A . 

II. If the positive angles A and B be any whatever, and 
a- and jS the angles not greater than 90°, whose angular func- 
tions are equal in absolute value to those of A and B, the 
angle A will be contained in one of the formulae, 

n.360°±a, or n.360°+180°±a, 
and B in one of the formulae; 

wi.360°±/i, or »i.360°+180°±^. 

The angle A+B will, therefore, be contained in one of 
the formulae, 

p,360°±rt±i3, or^>.360°+l80±a±i8.'- 



Digitized by 



LESS. XII.] KBLJITIOHS OF ANOULAB FUNCTIONS. 95 

In the first case 

(fl) sin (A+B)=sin (±a±P) 

=sin (±a) cos (±i3)+sin (±P) cos (±a) 
and in the second, 
(ft) sin (A+B)=— sin (±a±fi) 

[sin(±a) cos(±/3)+sin(±/3) cos (+a)]. 
Now, in the first case, 
A— w.360o=±a 
B—w.360°=±i3 
, f sin (±a)=sin A, cos (±flr)=cos A, . 

^^^''^^ \ sin (±i8)=sin B, . cos (±^)=cos B ; 
or A— n.360O— 180o=±« 
B— m.360°^180°=:±a ^ 
, f sin (±a)= — sin A, . cos (+«)= — cos A, . 

^^^'^^ t8in(±i8)=-sinB, cos (±/3)=-cos B. 

Therefore, by substitution in (a), 

sin (A+B)=;sin A cos B-f-sin B cos A^ 
In the second case, 
A_».360o=±a 
B— m.360O--180<>s^±jS' 
I ( sin (±o)=8in A, cos (±o)=cos A, 

whence | ^+^)==_sin B,. cos (±/3)=:-cos B ; : 
or A— n.360o^ 1 80<^=±a 

B— »i.360°=±/3 
whence i (±a)=_sin A, .. cos C±«)=-cos A, 
wnence j (d^)===sin B, cos (±/3)=cos B, 
and, by substitution in (ft), 

sin (A+Bj=sin A cos B+sin B cos A. 
It may be shown, in the same way, that the other three - 
formulae extend to the case where the angles are any what- 
ever. 

113. It is to be observed that from any one of these four - 
formulae, the other three can be very readily deduced. 

114. From the formulae for the sine and cosine of the 
sum, or the difference of two angles, corresponding formulae 
for tlie tangent of the sum, or of the difference of two angles, 
can be derived by division.. 

Th tan ( A+B') (^- ^) ^ ^ B±sin B cos A 

^ A - J (jos(A±B) cos A cos B+sin A sin H 

tan A±tan B 

i^tan- A tjin B' ' 
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IHPOBTANT FORMULA DERIVED FROM THE FO&EBOINQ. 

115. Expressions for the sum or the difference of the 
sines and the cosines of two angles, in terms of angular 
functions of the half sum and haC' difference of the angles, 
may be obtained from the foregoing formulae. 

By addition and subtraction, 

sin (A+B)+sin (A— B)=2 sin A cos B 
sin (A+B)— sin (A— B)=2 sin B cos A 
cos (A+B)-f-cos (A — B)=2 cos A cos B 
C0& (A— B)— cos (A+B)=2 sin A an B 
Let A+B=A', A-B=B', 

whence A=J(A'+B'), B=i(A'— B')- 
Then, by substitution, 

sin A'+sin B'=2 sin J(A.'+B') cos i(A'— B') 
sin A'— sin B'=2 sin J(A'— B') cos i(A'+B') 
cos A'+cos B'=2 cos i(A'+B9 cos i(A'— B') 
cos B'— cos A'=2 sin i(A'+B') sin |(A'— B') 
or, omitting the dashes, 

sin A+sin B=2 sin i(A-f-B) cos 

sin A—sin B=2 sin KA— B) cos 

cos A+cos B=2 cos i(A+B) cos i(A— B) 

cos B— cos A=2 sin K^+B) sin i(A— B) 

116. The process by which each of the following formulae 
is derived from those just established, is obyious. 

sin A + sin B _ tan K^+B) 
sin A — sin B tan J(A — ^B) 
sin A + sin B ^ ... , 

eoti(A-B) 
COS B — cos A * ^ 

sin A — sin B 

— T— i ^= tan J(A— B> 

cosA + cosB ^ ^ 

sin A — sin B_ 4C^_i_B^ 
cosB — cos A av "t" / 

cos A+cosB_ cot i(A+B) c"* KA-B) 
cosB — cos A x\ J / XV / 



tan A±tanB= 



sin (A±B) 



cos A cos B 

«n(A+B)«n(A-B)={S|flS.B 
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LESSON xm. 

EUmmtarv/ormuUt cf Analytical Trigwwnuiry^ oofi^AiMf.->Forma]0 
for angolar functions of multiple and sab-multiple angles — The for- 
mula used in the solution of triangles derived the one from the other. 

FORMVLJI FOB ANGULAB FUHOTIONS OF MULTIPLB AND 
SUB-MULTIPLB AVaLBS. 

117. Theformuks 

I sin (m-j-nA=2 sin mA cos A — sin (w — 1)A 
cos (m-4-l) A=2 cos juA cos A — cos (m — 1)A, 
known as Thomas Simpson's formuIsB, are derived from those 
for the sine and the cosine of the sum and the difference of 
two angles, by changing A into mA, and B into A, in the 
formulsB (112); and tlwn addmgi^he first two results together, 
and also the other two results. 
The formulse 

{sin (m+nA=2 cos mA sin A+ sin (m — 1)A 
cos(m4-l)A:= COS (m^l)A — 2 sin'mA sin A 
may be obtained by a similar process. 

118. By making m=l, these formulas give 

sin 2A=2 sin A cos A, cos 2A= { i^g'^A' 
By making m=2, 
sin 3A=3 sinr A— 4 sin'A, and cos 3A=4cos'A — 3 cos A. 
For, . sin 3A=2 sin 2A cos A— sin A 
=4 sin A cos' A — sin A 
=4 sin A(l — sin^A) — sia A 
=3 sin A — 4 sin'A. 
cos 3A=2 cos 2A' cos A — cos A 

=2 cos A(2 cos'A — 1) — cos A 
=4 cos'A— 3 cos A. 
In this w^y by successive substitutions values for sin 4A, 
sin dA, cos 4A, cos^A, may be obtained. 

119. Qitten the sine of cm angle, to find the me and the 
cosine of the double of the angle, and also of its triple. 

Let A be the angle whose sine is given, it is required to 
find sin 2 A and cos 2 A, sin 3 A and cos 3 A. 

sin 2Ai=± 2 sin Av^(l— sin^A), cos 2A=1— 2 Mn»A 

{sin 3 A=3 sin A — 4 sin'A, 
cos 3A=(1— 4 sin«A)[±V(l— m*A)3, 

F 
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From these values it wtU be seen that cos 2A and sin 3 A are 
fall^ determined, while the absolute values alone can be 
£»und for sin 2A and cos 3A. 

1^0. Given the cosine of an angle^ to find the sine and the 
Qomfi of, the double of the angle^ mud of its triple. 

sin 2A=± 2 cos AV (1 — cos^^A), cos 2A=2 cos'^A — 1 
( sin 3A=^[±\^(1— co8«A)](4 cos^A— I), 
I COB 8A=4 cos'A — 3 cos A 

The a))Solu|;e values alone of sin 2 A and sin 3 A can be 
fbund fijoin these expressions; bi^tcos2A and cos 3A are 
completely determined. 

15^1. Gliven the sine of an angle^ to,find' the sine and the 
cosine of its ha^^ 

Let A represent the angle whose sine^ is. given, it is re- 

quired to find the ya}ites pf sin ^A and cos/|A* 

The formulae 

(39) 8rn«iA+cos^A=l 

(41) 2 sin ^A cos J A= sin A,, 

give, hj addition and subtraction, 

(sin \Ar\r cos iA)^=:l+ sin A,, 
(sin ^ A. — cos iA)'= 1 — sin A,, 

whence, 

sin JA+cos iA=ct\/ (1 + sin A)y 
sin ^A — cos ^A=±\('(l~sin A), 

and 

2 sin iA=;=±V(l+sin A)±v'(l— sii^ A)i, 

=±^(i-f£)±^i^) 

2 CDS iA=±V(l'+8in K)+\fX\—mJ^^. 

When die sine of an angle is given, ther&ar%, therefore, 
fom^ values for the sine, and four for the cosine of its half ; 
but among the values for the sine of half the angl^ are to be 
found lie.yalues for the cosine of th^ half, an4 vice versa. 

To understand why there should be fouy values fpr the 
sine and for the cosine of half an angle in fufiction of the 
sine of th^ angle, and why the four values for 1j|e sine 
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should be the same as those for the cosine, it must be borne 
in mind that all positive angles having ~ for their sine are 
contained in the expressions 
(109) n.360o+a, n.360o+180O— a, 

P 

in which a represents the angle less than 90° that has - for 
its sine. 

Hence the required angular functions will be expressed by 
sin i A=sin (Jn.360°+ Ja), 
or sin JA=sin (i».360o4-^0°--ia) 

cos iA=iCos (in.360o+ia), 
or cos iA=cos (Jn.360°+90<^--}a). 

Now, for all even values of n, these become respectively, 
sin iA=sin Ja, or sin }A=cos 
cos ^A=cos ia, or cos ^ A=;sin ^a, 
and for the odd values of n, 

sm iA=sin (180o4-^o)=--sin ^o, 
or sin iA= — sin (90° — Jo)=— cos ia 

cos i A=cos (180°+ Ja)=— cos ia 
or cos J A= — cos (90° — Ja) = — sin Jo. 

The mode of investigation will be the same in the case of 
negative angles. 

122. Griotm the cosine of an angles to find the sine and the 
cosine of its half 

Let A be the angle whose cosine^ is given, it is required 

to find values for sin J A and cos JA. 
From the formulae (1 18) are deduced the values 

±V{^) for sin JA,and±\^(?±£) for cos J A. 

The cause of the ambiguity of sign exhibited in these 
values^ will be seen from -considerations analogous to those 
in the foregoing problem. 

123. Given the sine of an anglcy to find the sine of its third 
part. 

Let A be the angle whose sine - is given. 
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The formula (118), sm 3A=:3 an A-^ sin' A, may be 
written 

sin* JA — } fiin ^A+J sin A=K), 

or sin» JA— J sin iA+i^=^0 ; 

and the three roots of this cubic equation wiU be the required 
values of sib ^A. 

If in the cubic equation, a^-\-qx-\-r=0^ the coefficient q 
be negative, and dgY be greater than three roots 

are real, and the equation belongs to what has been called, 
because Cardan^s method of solution fails, the irreducible 
case. Now in the equation from which the values of sin ^A 
are to be obtained, the conditions pertaining to the irreduci- 
ble case exist ; there are, thereifbre, three vsdues for the sine 
of the third of an angle whose sine is ^ven. 

That there should be three values, and only three, for 
sin ^A, when the sine of A is given, will appear from the 
following considerations 1 

When an angle is given by its dine, it is indeterminate, 
and, if positive, may be any of the angles in one of the 
expressions 

n.3600+0 n.360o+180O— o; 
consequently the sine of its third part will be expressed by 
sin (in,Sm+ia) or sin (jw.360o+i 180<>— ^a). 

Now n will be a multiple of 3, or exceed a multiple of 3 by 1 
or by 2, that is, n will fee of the frtrm Srn^ or 3m-|-l, or 
3m-|-2. Hence the sine of ^A will be gives by one of the 
six formulae 

sin(m.360o+ia) sin(m.360O4-i.l80O— -id) 
sin(m.360<>-fi.360O4^a),sin(m.360°+i.360o+i.l80<>--ia) 
sin (m.360o4-§.360<>+i<»)» 8in(OT.360®+i360O-fi- J 80*^— i«) 
or, 

(1) sinia (4) sin(j:l80O— Ja) 

(2) sin (i.360<>+i«) {6) sin(l80o_i«) 

.3. ( sin (§.360o+i«). 4 sin (f .360o+i.l8(P:-Ja) 

^ I or—sin (J.180<'-|4a) ^ ^ I or_sin (f.lSO®^:_Ja). 

The angles in (1) and (5> (2) and (4), (3)- and (6), are 
supplements, and, therefore, their sines are equal. There, 
are therefore three values, and only three, ror sin in 
function of sin A. 
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124. Oiven the cosme of an angle, to find the cosine of Us 
third part. 

Let A be Uie angle whose cosine^ is ^ven. 

-Tike roots of the cubic equation 

cos' iA — j cos iA— i cos A=0, 

or, cos' ^A — I cos i A — i^=0» 

derived from formula (118), will be the values of the required 
cosine. 

This cubic equation belongs to the irreducible case ; con- 
sequently its tnree roots are real. There are, therefore, 
three values for the cosine of the third of an angle in func- 
tion of the cosine of the angle. 

This can be accounted for by a process similar to that 
employed in the preceding problem. 

THE FOBMtriiJB USED IK THE SOLUTION OF TBIAHOLBS 
DERIVED THE ONE FBOM THE OTHEB. 

126. The chief formuhe for the solution of plane triangles 
may be classed in three groups : 

r a= J cos C+c cos B ( a'=5*+c' —^2hc cos A 
[1] i b=c cos A4^ cos C [2] I h^=^+a'—'2ca cos B 
( c=a cos B+ft cos A. ( c*=a*+^* — cos C. 

- - sin A sin B sin C 

L8J -___===—_===_-, 

a o c 
These groups, however, are not independent the one of 
the other ; but any two of them are included in the third. 

I. For instance, the elimination of cos B and cos C among 
the three equations of group [I], leads to the first equation 
in group [2], The remainmg equations of this group will 
in a similar way result from the elimination of cos C and 
cos A, and then of cos A and cosB among the three 
equations [1]* 

Again, the elimination of cos G and c among the equations 
of group [1] gives 

a* — V=zc(a cos B — 6 cos A) 

=(a cos B+5 cos A) (a cos B — h cos A 
=a*cos'B— *«cos« A. 

Hence, 

fl«(l-co8« B)=M(l-co8' A), and 5^==^^. 
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Extracting the square root, and observing that in conse- 
quence of the angles A and B being less than 180°, their 

sines must be poaitive, there results ^Bj^s-^IL?. 

a 

n. That the expressions in ^roup [I] can be derived from 
^u}) [2] will appear by addmg together two of the ec^ua- 
tions in group [2], cancelling the common terms, transposmg, 
and dividing by the common factor. 

That the equations [3] can also be derived from those in 
group [2] may be shown as follows. 

The formula a*=A'+'^ — A 

g^ves 4J«c»cos«A=(&»+c"— 
whence 4W(l—co8« A)=4*V— (J«+c»— a«)» 

, 5n«A 2aV+2&V+^c»a'— a*— AW* 

The same value would be found for and for 

for the second side of the last equation does not change in 
Tahie, when h is substituted i<x a and a for or when c is 
substituted for a or for 5, and aovh for c. 

o sin* A sin'B sin'C 

Therefore 

and since the angles A, B, C, are less than 180®, 

sin A sin B sin C 

a h e ' 

in. It remains to be shown how the formulae in [1] and 
[2] may be deduced from the equations [3]. 

The equation sinB^sinC 
b a 

gives B co s C sin C cos B 

&cosC «cosB ' 
whence s'^n B cos C+sin C cos B sin C sin A 
6 cos C-j-c cos B c fl ' 

that is, sin(B+C) _ sinA 

ftcosC+ccosB a ' 
but sin A=sin (B+C), because A-|-B+C=180o, 
therefore b cos C-f-c cos B=a. 

In this way also the other two equations [I] may be ob- 
tained. 
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Lastly, the relations [2] are contained in the equations [3], 




sin* A 



But when three angles A, B, and C, are the three angles of 




and a«=5"4-c*— SftccosA. 



LESSON XIV. 



Elementcary fcrmuUs <if Analytical Tri^^mm€try, eoirfMiMcf Gir* 
cular functions — Circular measure of an angle, of an arc— Sohition 
of Quadratic and Cubic Equations by meaiiii of trigonometrical 
functions. 



126. If in a circle the arc Subtending at the centre the 
unit of angular measure be taken as the standard for tke 
arcs of this circle, the measure of any angle at the centre, 
and that of the arc of the circle on which it stands, will be 
expressed by the same number. For in the same circle the 
angles at the centre are to one another as the arcs on which 
they stand (89, 4). 

Moreover, as the arcs which in different circles subtend 
the same, or equal, angles at the centre, are to o^e another 
as the circumferences of their respective circles, and as con* 
sequently the measures of these arcs are as the measures of 
the circumferences, the value of the ratios of several arcs of 
different radii to their circumferences will not alter so long 
as the angle subtended by them remains the same. 

Hence to an angle at the centre which is the § of a right 
angle, will always correspond an arc the f of the fourth 
part of the circumference, whatever may be the size of the 
circumference of which it is a part. In other words, the arc 
and the angle which it subtends at the centre will both be 
expressed by BO**. 
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Arcs thus expressed in degrees, minutes, seconds, that is, 
arcs measured oy the 360th part of thdr circumfereaces, 
may therefore be substituted in investigations for the angles 
that stand on them, and the definitions and properties of 
angular functions may be transferred to the analogous func- 
tions of corresponding arcs. These functions are then called 
circular fimcHons. 

127. When considered as a circular function, the sine will 
be defined to be the ratio which a straight line drawn from 
one extremity of an arc at right an^es to the diameter 
passing through the other extremity, bears to the radius of 
the circle. 

This ratio is equal to that which would be the sine of the 
anele at the centre standing upon the arc 
And so on for the other functions. 

128. It is also evident that all the relations established 
among the angular functions will be the same for the circular 
functions of arcs expressed in degrees, minutes, &c. 

129. Sometimes the sine of an arc is said to be the straight 
line drawn from one extremity of the arc at right angles to 
the diameter passing through the other extremity ; the tan- 
gent of an arc is said to be the part of the tangent at one 
extremity intercepted between the diameters passing through 
the two extremities of the arc ; the cosine of an arc is said 
to be the part of the diameter between the centre of the 
circle and the sine of the arc. These definitions are not, 
however, accurate, unless by the finite portion of the straight 
line mentioned in each is to be understood its measure when 
referred to the radius of the arc as unit of lineal measure. 
With this restriction these functions become really reUios or 
numbers, and whollv agree with the angular and circular func- 
tions as already denn^ ; without it, arcs of the same number 
of degrees, bdonpngto circles of different radii, would have 
difierent sines, different tangents, different cosines. 

GIROULAB MEASIIBB OF AN ANGLE, OF AN ABO. 

1 30. A unit of angular measure different from that adopted 
in the foregoing investigations, is frequently resorted to, 
especially in the higher branches of Mathematics. 

Instead of comparing any given angle with the degree, or 
the 90th part of a right angle, it is compared with tiie angle 
which is the irth part of two right angles, and is expressed 

by 57°-29577 to the fifth decimal place, or by 206265" 

nearly. 
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Let tt^ represent the value in degrees of this new angular 
unit, and let A° be the value in decrees of any given angle 
A ; then the number obtained by dividing A° by v9 will be 
the measure of the angle A refeired to the new unit of mea- 
sure. This number which is the quotient obtained by divid- 
ing the degrees and parts of a degree in a given angle by 

or 57^ '29577 . . . , is called the circular measure of the angle. 

Thus the angle of 27<> 14' 37" will have the fjraction 
HHttt) '475 for its circular measure. 

131. To understand the reason of this name, it will be 
sufficient to consider that, if in a circle whose radius is r, a 
be the let^th of an arc containing A^, that is, subtending at 
the centre an angle of A^, the ratio of A^ to 180^ shall be 
the same as that of a to nr, whence 

AP=z or A°: =a: r, or — 

that is to say, the number expressing the quotient of A® by 
570*29577.. .shall be the same as the number expressing the 
length of the arc referred to its radius as unit of lineal mea- 
sure. 

Thus, if the length of .an arc be 15 inches, and its radius 
be 3 feet, -f^ Tnll be the circular measure of this arc, and 
t\ X 57*29577 will be the number of degrees it contains. 

132. It further appears that if an arc contain u^, its lengtb 
will be equal to the radius of the circle to which it belongs. 

When the arc equal in len^b to the radius is taken for 
the unit of measure of the arcs m the same circle, the measure 
of an arc, referred to this standard, is said to be its circular 
measure. 

133. The formulae hitherto established, connecting angular 
functions the one with the other, will all hold if the angles 
be expressed by their circuit* measures instead of the de- 
grees, minutes, and seconds they contain. So also will the 
corresponding formuUe for the circular functions of arcs. 

The circular measures of angles and arcs are usually de- 
noted by the letters of the Greek alphabet. 

134. The circular measure of an angle or an arc of 180^ 
180o_wr 

f3 



x 180" 
is ir; for — r-= — =ir. 
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] 35. To solve an equation of the second degree by meanu of 
angkUir fiauitum. 

i^veiy algebraic equation of tbe second decree can be 
brought to the form i*+/'*+?=0» P 9 being inteml 
or fractiona-l, positive or negative ; and the roots x' and 
of this equation will have for their expression 

y=_jp[i_(i_^?)*], ^'=-ip[,+(,_^?)*]. 

As the absolute values of ar' and ar" are independent of the 
ngn of the coefficient j)^ it will be sufficient to discuss the 
case in which q is positive and that in which it is negative. 

J 36. I. Let q be positive. When Aq is less than both 
roots will be real. 

Find an acute angle ^ such that sin <p=J^, The values 

of «' and become then 

a:'=— sin* J^, a:"=— /? cos* J^, 

or x='-qh tan J0, ar"= — q^ cot J^. 

These values are calculable by logarithms. 

When 4q is greater than j>*, the roots are imaginary, but 
they ma^ be expressed by means of angular functions, and 
the portions which are real computed. For the roots may 
be written 

»^=-iP[i+(-i)*(^-i)*] 

Let ^ be an acute angle such that sec then 

P 

*'=-ip(l-(-l)* tan G) ar"=-J/>(l+(-l)* tan 9). 

137 n. Let 9 be negative. The roots will then be always 
real, whatever may be the relative magnitudes of p and q. 
They may be written, 
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Find a such that tan a=-^ ; then, 
P 

3?^=— sec a] x"= — ^ «] 

sln'^a cos'^a 

cos a COB o ' 

or jc'=^tanja a/'= — ^icot^a 

f ormulsB to which logarithmic computation can be immedi- 
ately applied. 

CUBIC EQUATXOirS. 

138. To solve an equation of the third degree hy means of 
angular functions. 

Every equation of the third degree can be reduced to the 
form x^-)-ya:-)-r=0, in which q and r may be positive or ne- 
gative, integt*al or fractional. According to Giurdan*s method 
of solving cubic equations, the value of x in this equation 
will be found to be made up of two parts, z' and z'\ whose 
cubes z'^ and z"^ are the roots of the equation 

^^+rz~(f=Q, 

and have for their values, 

But the cube roots of zf^ and z"^ are, 

(1) 2S (2)~i^[l+(-3)*], (3)-lz'[l-(-3)*] 

(4) A (5)-K[l+(-3)*], (6)-i«"[i-(-3)*], 
giving 3 values for each of the parts z' and r", which have 
to be added together for determining each of the roots of 
the cubic equation. In combining a value of z* with a value 
of izr", it is to be remembered that those only can be com- 
bined whose product is real ; fw in the course of the opera- 
tions it has been supposed that was equal to — J^, and 
therefore a real quantity. It is, therefore, only the values 
(1) and (4), (2) and (6), (3) and (5), which can be taken 
together for the roots of the given cubic equation. 

These roots will, therefore, be 

x^^zf-\-z'\ 
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The absolute values of the roots being independent of the 
sign of r, it will be sufficient to examine the case where, in 
the ^ven cubic equation, the coefficient q is positive, and 
that m which it is negative. 

139. I. Let q be positive. Then shall be real, x" and 
jc"' ima^nary. 

Pind the acute angle 0, such that tan 
Then 

«'={ -Ml-a+ tan«0)]*}* _Jr[l+a+ tan«^)*]}* 

=[ -Ml- Bec0)]* =[-Ml+ 

27/ 8in0 J LV27/ sin 9 J 

by putting tan* ^0=tan 
Hence, ^ ^(3) 

^;;} = -j(|)*(tan+-cot«+ij*(-l)^tan++oot+) 
or a;'=_2(|)*cot2^ 



^C}=(|)*cot2++y(-l)*co8ec2^ 



a;" 

This value of xf and the real and ima^nary parts of the 
values of sf' and x!" can be computed by means of logarithms. 

140. n. Let q be negative. The roots of the equation 
which are 



will be real if a7r*':^4<?', and imaginary if 27r*-^4^. 
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If 27r*-^4^, let 9 be the acute angle such that 
sme=-{^) ; then 

«'= { - Kl - cos 0) I * «"= { - + cos 0) } * 

__f /ga\i l-co8e U Y /?»vil+cos0U 

""l"^27' sine i sine j 

=_(|)*tanV =-(|)*cot*iO 

=-(|)*tan+ =-(f)*cot* 

by making tan* je=tan ^. 

Therefore, a;'=- (tan ^+cot i^^) 

or aj'=2(|)*co8ec2^ 

(3)*«°^*^2^??*(-l)*cot2'^ 

By means of these fonnulas the real root, and the real 
parts of the other two wots, may be calculated. 

141. Tf27T^^4q^^ the given cubic equation af' — qx-^r=0 
will belong to what is called the irreducible case (123). 
Then by making x=ty, this equation.becomes 

and comparing it with the value of sin A in function of 
sin JA (118), which may be written 

sin' ^A— f sin i A+i sin A;;=0, 
it will appear that if | were equal to f , and ^ equal to 

J sin A, the roots of the cubic equation in y would be ex- 
pressed by the values of sin iA ; and multiplying these by 
the results would be the values of x in the given cubic. 
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Now, if t be taken equal to 2(|)*, and A be an angle such 

that sin A=^(~)\ which is possible because 27r» is hj 

supposition less than 45^, the coefficients of the equations in 
y and in sin become alike, and, therefore, the three 
values (1 23), where a represents the acute angle whose sine 
is equal to that of A, 

sin Ja, sin (6OO— Ja), —sin (60^+Jo) 
will be the roots of the equation in ^ and 

2(|)* sin ia, ^ilftm (600-ia), -!2(| /sin (eO'-Ha) 
will be the roots of given cubic equation. 



, ^ 101 , 19003 « 

^' *'-i^-+Tl9072=^' 

2. a58+1728j«=123678. 

_ ■ , 7 1695 ^ 
S. a^+_aj-^2^_0. 

4 ar«-300a:+ 1000^0. 

«»+3a^+3ar-l(K)=0: 
7. ar»+10ac»+6a;==2600. 



LESSON XV. 

Wemeniary prmeiplM of Solid or Spherkal 7V^onom0<r|f.*— Prelimi- 
nary de'finitions and propoaitioni— A ngwlar functions of dihedral 
angles. 

prblimikary definitions AN» PEOPosmoM. 

142. The angle formed by two planes that meet is a 
dihedral angle. 

The two planes that contain it are its sides or faces ; and 
their common intersection is its ed^e. 

A dihedral angle is measured by- the angle formed by two 
straight lines drawn from a point m Uie edge at right angles 
to it, one in one side, and the other in the second side of the 
^edral angl^ 



• Before entering on this branch of Trigonometrf, the student should know 
th« first twenty-one propositions of the Eterenth Book of Enoiid's Elements, 
together with Propositions A end B. He tmj omit Prop. zTii, tf he hesnoi yet 
learned the Fifth ead Sixth Books. 
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The plane of these two straight lines is at right angles to 
the edge of the dihedral angle. 

143. A trihedral angle is a solid angle formed by three 
planes meeting two and two, and passing through the same 
point. 

This point is the vertex of the trihedral angle ; the inter- 
sections of each pair of planes are its edges; the angles 
formed in each of the three planes by the edges are the sides or 
faces : and the angles formed by these sides are the dihedral 
angles of the trihedral 

If S be the vertex of a trihedral angle, SA,. SB, SC, its 
three edges ; the measures in degrees, minutes, seconds, of 
the dihem*al angles shall be represented by the letters A, B, 
C, and the measures of the sides opposite to them by the 
corresponding small letters a, b, c. The angles and sides of 
a trihedral are considered as less than two right angles. 

144. A trihedral angle, one of whose dihedral angles is a 
right an^e, is said to be a right-angled or rectangular tri- 
hedral. The side opposite to the right angle is the hypotenuse. 

If one of the sides or faces be a right angle, the trihedral 
angle is said to be ii quadrantal trihedral 

145. If two of the dihedral angles of a trihedral he r^ht 
angles, trie sides opposite to them shall also he right angUBS; 
and if the three dihedral angles he right angles^ the sides op- 
posite to tHem shaU be right angles. 

In the first case the trihedral is said to be bi^rjaetangularf 
and in the second tri-rectangular,. 

146. If two sides of a trihedral angle be equal^ the dihedral 
angles opposite to them shall also be equal; and conversely. 

Let the two sides ASC and ^ 
BSC be equal ^ — , 

Yrom any point C in thdr //V S 

common intersection, draw CD -af-f-V T^^^^^S^^ 

at right angles to the opposite 
side ASB; from D, draw DA ""Sv'^V^ 
and DB at right angles to the 
edges SA and SB ; jom CA and CB. 
. The straight lines CA and CB are at right angles to SA 
and SB ; consequently the angles CAD and CBD are the 
measures of the dihedral angles A and B of the given tri- 
hedral 
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But from the hypoihesiB and the constraction, it follows 
that CA and CB, CAD and CBEI^ are equal. Therefore, 
the dihedral angles A and B, of which CAD and CBD are 
the measures, «ve equi^ 

The converae can be proved: in the same maxmor. 

147. If in an isosceles trihedral angle^ a plane be drawn at 
right angles to the base through the opposite edge, this plane shall 
bisect the vertical dihedral, and also the base ; and conversely, 

148. In a trihedral angle the greater side is opposite to the 
greater angle, and conversely. 

In the trihedral SABC, 
let the dihedral angle A be 
greater than the dihedral 
angle B. 

Let the rilane DSA, pass- 
ing througn SA, ma^e widi 
the plane ASB a dihedral 
angle equal to B, and let 
SD be its intersection with the plane BSC. 

Then ASD and DSB are equal; to both add CSD, and 
ASD together with CSD shall be equal to BSC. But ASD 
and CSD are together greater than ASC. Therefore, BSC 
ia ^eater than ASC. 

The converse is easily proved by an indirect demonstration. 

149. In a trihedral angle, the sum of two dihedral angles 
and the sum of the two sides opposite tojhem are both greater 
than, equal to, or less than, two right angles. 

In the trihedral SABC, if 
the sides BSC and ASC are 
together greater than two right 
angles, the dihedral angles A 
and B opposite to them shdH 
also be together greater than 
two right angles. 

Produce AS to D; 
three edges SD, SC, SB, wiU 
form a second trihedrarin which the side BSC is greater 
than CSD, because ASC and CSD are together equal to 
two right angles, whereas ASC and BSC are greater than 
two right angles. Tlierefore, in the trihedral angle SBCD, 
the dihedral whose edge is SD or SA, shaU be greater than 
the dihedral whose edge is SB. Consequently, uie dihedrals 
A and B in the given trihedral SABC, shall be greater than 
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the two idihedrals formed hj the plane BSC and the plane 
ASB prodaced, that is to say, greater than two right angles. 

The other two parts of the proposition can be proved in 
the same way. 

From this it follows that half the aum of;^he two dihedral 
angles of a trihedral, and half the sun]i.of the sides opposite 
to them, are of like affection,* 

150. In a right-angled trihsdral an oblique angle and the 
side opposite to it are of like affection* 

151. I/fromapoint within a dihedral angle perpendiculars 
he drawn to the two sides, the angle contained hy these perpen- 
diculars shaU he the supplement of the measure of the dihedral 
angle. 

1 52. ijf from a point within a trihedral angle pfipendiculars 
he drawn to the three sides, they shall be the edges of a second 
trihedral angle, whose sides and dihedrals are the supplements^ 
respectively, of the dihedrals and sides of the first trihedral 
angle. 

Two trihedral angles so i«lated to one another ure said 
to be supplementary, 

153. The three dihedral angles of a trihedral are together 
less than six right angles, hut greater than two. 

Let A, B, C, be the three dihedral angles of a trihedral, 
and a', h', c', the corresponding sides of the supplementary 
trihedral. 

Then A=180O— B=180O— i', C=180O— c', 
and A+B+C:^3. 180o~(a'+6'-fc') . 

Hence, the sum of the three dihedrals is less than 3.180®, 
or six right angles. 

Also the sum of the three sides a*, h\ d, is less than four 
right angles, or 2.180® ; therefore, the sum of the three di- 
h^lrals is greater than 180®, or two right angles. 

154. The excess of the sum of the dihedrals of a trihedral 
angle above two right angles is called the Spherical Excess^ 
and is usually represented by c. 



• A dili«dnl and a plane angle are said to heaUke, cfUke ajfbeiiony or tifikt 
game kind, when they are botn aouto or both obtuse. 
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155. 7*he excess of the sum of two dihedral angles qf a fn- 
hednd above the third is altpays less than two right angles, 

156. In a right-angled trihedral the cosine of the hypote- 
nuse is equtd to the product of the cosine qf the two sides con- 
taining the^right angle. 

Let SABC be the given tri- 
hedral aD^le in which the di- 
hedral C IS a right angle, and 
consequently the two planes 
ASC and BSC are peqien- 
dicular. 

From any point B in the 
edge SB, draw BC at right 
angles to SC; from C draw CA at right angles to SA, 
and join AS* 

Then BA is perpendicular to SA, and, consequently, the 
three triangles ASB, BSC, CSAj are right-angled in A, C, 
and A, respectively. 

Therefore, 

cos ASB=~ , cos BSC=|^, cos ASC=|J ; 

oi5 015 o\j 

whence cos ASB= cos BSC cos ASC. 

From this it will appear that in a right-angled trihedra 
the three sides must be acute, or two of them obtuse, the 
third being acute. 

Compare this proposition with the 47th of the First Book. 



157. In an obtuse-angled trihedral the cosine of the side 
opposite to the obtuse angle is less than the product of the co- 
sines of the two sides containing it by the continued product of 
tJie cosine of one of these sides, the sine of the other, and the 
tangent of the continuation of this last side to meet a plane 
drawn ai right angles to it through the opposite edge* 

Let SABC be the given tri- 
hedral, having the dihedral angle 
A obtuse. 

Through the edge SC let the 
plane CSD be drawn at right 
angles to the side ASB, meetmg 
the continuation of this plane 
in SD. 
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Then, from the right-angled trihedral SDBC, by <156) 

cos CSB=cos CSD cos DSB 

=co8 CSD cos (DSA+A8B) 

srcos CSD cos DSA cos ASB 
—cos CSD sin DSA sin ASB 

=oos CSA cos ASB— cos CSA sin ASB tan DSA, 

because in the right-angled trihedral SCDA, 

(156) cos CSD cos DSA^^os CSA, and cos CSD=^--^ft. 
, ' cos DSA 

Compare this proposition with the 12lh of the Second 
Book. 



158. In a trihedral the cosine of the side opposite to an 
acute dihedral angle exceeds the product of the cosines of the 
sides containing it by the continued product of the cosine of 
one of these sides, the sine of the other, and the tangent of the 
part of this latter side intercepted between the acute angle and 
a plane drawn at right angles to the side through the opposite 
edge. 

Let SABC be a trihedral, the 
dihedral angle A being acute ; and 
let CSD be drawn through the edge 
SC at right angles to the opposite 
side ASB, meeting this side in SD. 

Then, from the right-angled tri- 
hedral SDBC, 

(1 56) cosCSB=co8 CSD cos DSB 

=cos CSD cos (ASB— ASD) 

=cos CSD cos ASB cos ASD 
+COS CSD sin ASB sin ASD 

—cosASC cosASB-f cosASC sinASB tanASD ; 
becatxse, in the right-angled trihedral SCDA» 

(156) cos CSD cos DSA=cos ASC, and cos CSD=^??4iS. 
. cos ASD 

- Compare this proposition with the 13th of the Second 
Book. 
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ANGULAR FUNCTIONS OF DIHEDRAL ANGLES. 

159. If the plane AN 
be concaved to turn ob 
the straight line AP as 
a hinge, from the posi- 
tion of coincidence with 
the plane AM until it 
coincides with the con- 
tinuation AM' of this 
plane, the inclinations of 
the two planes during this revolution wiU determine so many 
dihedral angles. 

And if a plane be drawn through any p6int of the edge at 
right angles to it, the angle formal by its intersections with 
the initial and the revoTying planes will be the measures 
of these dihedral an^es. 

From any point B in the revolving plane AK, draw "BC 
at right angles to the initial plane. Jom any point S of the 
edge AP of the dihedral angle with B and C ; the plane 
BSC is at rivht angles to the initial plane AM. From C 
draw CA at ^ght angles to the edge AS, and join B A ; the 
plane BAG is at right angles to the edge AS, and the angle 
BAG is the measure of the dihedral angle formed by the 
planes AM . and AN. Let this dihedrid be r^resented by A. 
Then, 

. , . BC BG BA sinBSC 

sm A=sm BAC=gj=gg-^gg=g^^ 

X * X T>A/>. BC AC tanBSC 

AC CS CS smASC 

AO AG AB tanASC 
cosA=cosBAC=^=^-j^=jj;^. 

160. If in one side.of ,a dihedral angle ^ straight line be 
drawn meeting the edge, and through this straight line a 
plane be^drawn at right angles to the other side, 

The ratio of the sine of the aogle in tixe perpendicular 
plane to the sine of the angle in the first mentioned plane 
IS the sine of the dihedrcd angle; 

The ratio of the tangent of the angle in the perpendicular 
plane to the sine of the angle in the side to which the per- 
pendicular is drawn is the tangent of the dihedral angles 
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The ratio of the tangent of the angle in the side to which 
the pexpendicular is drawn to the tangent of the angle in the 
other side is the cosine vf ths dihedral ar^tt. 

The reciprocals of these angular functions will be the 
cosecant, cotangent, and* secant of the dihedral 

161; The analogy between the antecedents and conse- 
qu«ats of the^tios which fbrm the angular functi<xis of a 
mhednd, and theiantecedents and conseq^uents of the corres- 
ponding functions of a plane angle, is evident. 



LESSON XVI. 

FormulsB for- the solution of Right- Aneled TrihedmU— Napier^s RuU 
Circular Farts. 

FO&MULiB'FOft THE SOLUTION OF BlftHT-ANGLED 
TBIHEDRAL8. 

162. In the solution of right-angled trihedrals five cas^ 
may be distinguished. There may 5e given — 

1 . The two sides containing the right angle^ 

2. One side and an angle^ 

3. The hypotenuse and an angle^ 

4. The hypotenuse and a side, 

5. The two angles ; 

and it may be required to determine the three remaining, 
parts, or any- one of them. 

The right angle will be represented by 0. 

163. Case I. — Given the two skies containing the right 
angle^ to find<he other parts of the iHhedrah 

Then (160) tBn.A=^?^^, tanB=*?^^. 

smh sma' 

and ( 1 56) cos c=cos a cos J. 

The logarithmic formulas are, 

L tan A=L tan a'\-cL sin L tan B=.L tan i-fcL sin a 

L cos c=L cos a-|-L cos h — lO. 

164. CassO. — Owen one side and an angle, to find ih^ 
renunmrig parts*^f the right-angled tiihedraU 
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I. Let A be the given angle, and a the given ^de. 

/wvx . A si** ^ A tan a 
Then (160) 8inrA= . — , taiiA=-^f 
^ ^ sin c sin 

sin a . , tana 
whence- «nic=a=-j^ — r» — p. 

sm A' tan A 

ft 

By (160) sin sdbfltitution, 

. n tan^asinA cos A 

nn i>~-i r= • 

sinatanA cosa 

Eacb o£ the three required parts, being determined by the 
sine, will have two values ; but these values cannot be taken 
mdiscriminately the one with the other. 

If the given side a be acute, with the acute value of c 
must be taken (156,- 150) the acute values of b and B ; and 
mth>the obtuse value- or c must be taken the obtuse values 
of b and B. 

If,.omthe other hand, a be obtuse, with the acute value of 
c must be taken the obtuse values of b and B ; and with the 
obtuse value of c must be taken the acute values of b and B. 

Besides, that the problem may be possible, if a be acute, 
A must also^ be acute^ and its measure greater than that of 
a ; and if a be obtuscf A must be obtuse, and its measure 
less thanvthat of a. 

The problem, when possible, admits of two solutions. 
But there is no ambiguity in^ the cascf although it is some- 
times, though not properly, referred to as an ambiguous case. 

Expressed logarithmically; the formulse will be as follows: 
L^m c=L sin a-fcL sin A, L sin b=L tan o-f-cL tan A 

L sin B=L cos A-f-cL cos a. 
IT. Let A be the given angle, and b the given side. 

From'(160) ^?^=cos A, ^?^=tan A 
^ ' tanc ' smft 

whence - tan f= ^^^f ,. tan a=ssin b tan A. 
cos A 

To determine B, the definition ( 1 60) gives 

^ tan« 

cos-B=; — 
tanc 

and by subftitution, 

n sin^tanAcosA , . ^ 

cos ii= 7 — 7 c=cos b sm A. 

tan« 

The logarithmic formulse are 
£4aii c=L tan ft+cL cos A, L tan a=L sin d-f-L tan A— 1 
L 000 B=L cos 6+L sin A— 10. 
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1 65. Cass III. — Given the hypotenuse and an ojiglby to find 
the other parts of the trihedral. 

Let A be the given angle. 

By (16a) -= — ==:8m A, - — =sco» A^ 
^ smc tanc ^ 

whence sin a^ssin c sin A, tan 5:;=tan c cos A. 

The angle B will be obtained firom the expression^ 

tai%,£ 

tan B=c~i — ^ by su))stituting foe tan b ond sin. a their ^alufiS' 
suif a 

in function of c and A. This wiUi give 

^ tan coos A cot A. 

ijan B=;=— ; ; — • 

sin c sin* A cos e 

Whence 

L sin a=£sin c4^L sin A-*- 1 0, L tan &a=L tan»c-]*L cos A — 1 0« 
L tan B=L cot A-j-c L cos c. 

166. Case lY.^Gvben in a right-angjed trihedral the:- 
hypotenuse and a side, to find the remaining parts.. 

Let a be the g^^voen side. 

Then (160) ^A^^,«obB^^^,. 

Sin c tan c 

and (156) cos c-=coft.a cos ft, whence cos b=^^^. 

cos a 

Although the angle- A is determined by its sine, ttio- 
problem admits but one solution, , because the angle A is of* 
like affectiontwith'the given side a. 

The logarithmiaezpressions are 

L sin A=sL sin a-^clt sin c, L cos^B=^L tan a-^cL tan.c 
L cos ft=sL cos c-f cL cos a. 

Case V Given the two oblique angles of a right-angled' 

trihedral, to find the other parts. 

From the values for the sine, cosihe, and tangent, of am 
angle, as given in (160), will be obtained 

oofrA tan b sin c cos c_ 

sin B tan c sin ft cos ft 

cos B tan a sin c cos c ^ ^ 

sux A tan c sin a cos a 

cot AM»tB=s= ^^^^^^\ =^oos a cos ft=co8 c. . 
tan^atanft 
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Expressed logarithmically, these formulae become 
L cos a=L cos K-{-cL sin B, L cos b=Jj cos B-f-c Lda A 
L cos c=L wt A-|-L cot B — 10. 

167. Compare- th« fdrmuls-in the first four cases' with 
those given tor the solution of right-angled triangles. 

JStJLPlNte KCLrt FOE ontOULAE PABTB« 

168. Let the two sides containing the sight angle of-a 
right-angled trihedral angle, the complement of the hypote- 
nuse, and the complements of the obnque angles, that is, 

a, ^0"— B, 90°— c, 90°— A, ft, 
be called the ^ve vircular parts of the trihedraL With refer- 
ence to any one of these circular parts, two of the other four 
are said > to" be adjacent^ and two tor be opposite or remote. 
For instance, with reference to 90° — c, the two circular parts 
90° — A, and 90° — B are adjacent, and a and h opposite. 
With reference to the circular part a, h and 90°--B are 
adjacent, 90° — c and 90° — A are opposite. 

All the formulae for the solution of the five foregoing, cases 
of right-angled trihedrals are included in the following rule, 
which is cimed Napier^ s Rule of circular^ parts : — 

The sine cf a circular part is equal to the product of the 
tangents of the tm adjacent circular' parts^-or to the product 
of the cosines of the opposite circular parts* 

Suppose a aad h given, as inXlase L 
L To determine c. 

Considering the relative position of the circular parts a, 
ft, and 90°^ — c, it will appear that with reference to 90° — c, 
the circular parts u and ft are opposite. 

Therefore, sin (90° — c)=cos a cos ft, or cos c=co% a cos ft. 
n. To determine A. 

Ifithe relative position of the circular parts 90° — A,4i and 
ft, be examined, it will appear that 90°— A and a eae adja* 
cent with reference to ft. 

Hence, sin ft=tan a tan (90° — A), ^r sin ftE=tan a cot A 
m. To determine B. 

A similar consideration of the relative position of the cir- 
cular parts 90° — B, a and ft will give 

sin\fl=iitan h tan (90°— B), or sin a=taa ft cot B. 
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Suppose a and A given. 

I. To find c. 

With reference to the circular part a, the circular parts 
90® — A and 90° — c will be found to be opposite. Whence, 
sin a=cos (90® — c) cos (90° — A), or sin a=sin c sin A. 

II. To determine h. 

It will be seen that 90°— ^A and a are adjacent with refer- 
ence to by and, therefore, by Napier's Rule, 

sin ^tan a tan (90° — ^A), or sin &=tan a cot A. 
m. To determine B. 

The circular parts a and 90° — B are opposite with refer- 
ence to 90° — ^A, and, therefore, 
sin (90°— A)=cos a cos (90°— B), or cos A=cos a sin B- 
These formula correspond with those obtained in Case 11. 
All the other formulso will be got bj a similar process. 



LESSON xvn. 

Relations coxmecting the angular functions of the sides and angles of a 
trihedral. 

169. In a trihedral angle the sines of the dihedral angles 
and of the sides opposite to them are proportional. 

Let SABC [see diagrams (157 and 158)] be a trihedral, 
and from the ^ge SC let the plane CSD be drawn at right 
angles to the^opposite side ASBb 

rrw -.A sin CSD . sin CSD 

Then (160) sm A= . sin B= . 

^ ' smCSA' smCSB 

, sin A sinCSB sin a 

whencOj^ -r-T>= > . 

sm B sm CSA sm h 



In will be proved in like manner that, 
Hierefore, 



sin A sin a sin B sn h 

sin C sin c' sin C sin c 



sin A sin B sin C 
sin a sin & sine* 
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170. In a trihedral angle the come of a dihedral ecngle is 
equal to the quotient obtained by dividing by the product of the 
sines of the two sides containing the angle^ the excess of the cc 
sine of the third side over the product of the cosines of the first 
mentioned sides. 

From (158) 

cos a=co8 b cos c+cos b sin c tan ASD 

t. A cos a— cos 5 cos c 

whence. tan ASD= =— ? 

^ cos & sin c 

tan ASD cos a— «cos ft cos c # 

tan ASC sin 6 sin c ^ 

x» * tan AST) . 

But ro7s==<»« A* 

tan ASC 

Agam from (157) 

cos a=cos b cos c — cos b sin c tan ASI> 

A. cos a— cos h cos c 

— ttn ASD== 

COS b sm c 

tan ASD cos a — cos b cos e 



tan ASC sin & sin c 



And _*?!l4S=_cos CSASD»=cos A. 

tan ASC 

Therefore, whether the dihedral angle be acute or obtnse, 

. cos n — cos b cos c 

cos A= .— 

sm^smc 

Compare this theorem and the preceding one with those 
in (45) and (46). 

171. In a trihedral angle the cosine of one of the sides is 
equal to the quotient obtained by dividing by the product of the 
sines of the dihedral angles adjacent to it, the sum of the co- 
sine of the third dihedral angle arid the product of the cosines 
of the first-mentioned dUiedrals. 

Let A', B', C, a', b', c', be the dihedrals and sides of the 
supplementary trihedral. 
By (170) 

cos of — cos y «os c' 



008A'=5l 



sin b' sin cf 



• Fire letters thns amAged xepresent a HihedrAl angle formed b j two plan* 
aaflea, CSA and ASD, whosf common intersection ia SA. 



Digitized by 



JJSB», XTII.j THEOBBHfil OOKCEftNIKO TBIHBDBALS. 1^9 



But A'=180O— a, a'=180O-.A, 5'=180<»^B, c'=rl8CO— C; 
therefore, cos ( 180°— a)= 

cos (180Q— A)-^os (18CQ— B ) cos 080^—0) 

sin (1 80O— B) sin ( 180°— C) ' , 

or, 

cos A-^-cos B C OB C 
sin B sin C 



C08( 



1 72. To prove Napier' § Amlogies s 
tan j(A^+B) _ cos i(a—b) tan j(A— B)_sin i(a—b) 
cotjC cosi(a+J/ cot^C sin Hu-\-h) 
tAni(a+h)__co9 K^— B) tan ^(^— ^)__sin ^(A~B) 
tanjc cosi(A+B)' tan^c fcini(A+B) 

Lets ABC be 
the given tri- 
hedriU, the di- 
hedral A being 
greater than B. 

Make CSD 
equal to CSA; 
and bisect the 
angle DSB bjr 
the straight line 
SE. Through 




T 



this line SE draw a plane at right angles to CSB ; and 
through the edge SC a plane bisecting the dihedral C, 
and meeting in SF the plane at right angles to CSB. 
Through SF draw a plane at right angles to ASB and 
meeting it in SG. 

By construction, the sides ASF, DSF, BSF, are equal to 
one another; and 

CSE=JOi+»), ESB=i(a-&). 
The dihedrals CSASF and CSDSF are equal, because 
the dihedrals CSASD and DSASF, of which the former is 
made up, are respectively equal to the dihedrals CSDSA 
and ASDSF, of which the latter is made up. 

The diheflrals BSASF and ASBSF, FSDSB and FSBSD, 
are equal (147). 

Also, GSFSB=iASFSB=J(ASFSD-|-DSFSB) 
=} (2.CSFSD+2.DSFSE) 
=ESFSC, 

g2 
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Now, A=CSASF— BSASF 
=CSDSF— ASBSF 
=180«>— FSDSB— ASBSF 
=180o_-FSBSD— ASBSF 
and B=FSBSD-ASBSF 

Hence, i(A+B)=90O— ASBSF, i(A-B)=90O— FSBSD. 

But the right-angled trihedrals SBGF and SBEF giye 
cot ASBSF cot GSFSB=co8 BSF=cob BSE cos ESF, 

and the trihedral SCEF gi^es, 

cot ESCSF cot ESFSC=cos CSF=co8 CSE cos ESF. 
And by division, 

cot ASBSF ^ cosBSE . tan KA+B)_oo8 jja—b ) 
cot ESCSF cos CSE' ' cot 10 co8i(a+ft)' 

The trihedrals SBEF and SCEF give 

cot FSBSE tan ESF»rsin BSE, 
cot ESCSF tan ESF=i=sin CSE ; . 
whence, by division, 

cotFSBSE_8inBSE ^w^jg tan |(A-^B) ^ sin 

cot ESCSF sin CSE' * cotJC sini(a+ft) 

The trihedrals SCEF, SBFG, SBEF,, give (the dihednds 
CSFSE and GSFSB being equal), 

tan CSE=^sin ESF tan GSFSB, 

tan BSG=sin BSF an GSBSF tan GSFSB, 

and by division, 

tan CSE ^ sin CSBSF . tan i(a+b) _ co8 K^—B) 
tanBSG sin GSBSF tanjc cosKA+B)* 

Lastly the trihedrals SBFG, SBEF, give 
tan BSE=tan BSF cos CSBSF, 
tan BSG=a:tan BSF cos ASBSF, 

whence 

ten BSE ^ cos CSBSF . tan i(a--b)_8m KA—B) 
tanBSG cos ASBSF' tan^c sinJCA+B)* 

173. These analogies may be investigated analytically as 
follows. 
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The theorems (169, 170, 171) give 

sin A sin B sin a sin ft 

sin' C sin" e 
• O08aco8ft=oo8c— sinamnftcosC 
cos A cos B=— cos C-f-sin A sin B cos c. 

Then 

tan«KA+B) ^l - co8(A+B) l-cosC 
cot4C l+co8(A+B) 1+cosC 

__ 1 — cosAcoflB+Bin AwnB ^ l — cosC 
"l+cosAcosB— sinAsinB l+cosC 
_1 +C08 C +8in A sin B(l — cos c) 1 — cos C 
~1— cosC— sinAsinB(l— cose) 1+cosC 
_ 8ina C + sin A sin B(l - cos c)(l - cos C ) 
sin* C — sin A sin B(l — cos c)(l + cos C) 
^ . sin A sin B,- 

^ + sin'C ^ ~ c)(l -cos C) 
, sin A sin B., . 

, . sin a sin (.^ ^ 
8in«c (^-<^0(l"<^o« Q 

- sin a sin x,- , 

^P^(1-C08C)(1+C0S C) 

sin' c + sin g sin 6(1 ~ COS c)(l — cos C) 

sin* c - sin a sin 6(1 — cos c)(l +co8 C) 

1 + cos c + sin g sin 6(1 — cos C) 

1 +COS c— sin a sin 6(1 +C08 C) 

_ l+8ing8in6+co8ocos6 
1+C08aco8 6— 8ina8in6 

l+C08(o-6) 
~l + C08(o+6) 

_coe»^(g~6) 
~"co8»J(«+^y 



Whence 



tan ^(A+B)_ co8 i{a—b) 
cot ^ cos i(a-\-b)' 
The other three analogies may be obtuned hj a similar 
process. 

The extraction of the square root wiU not lead to any 
ambiguity ; for the andes JC,^ Jc, J(A— B), and J(a— ft), 
being acute, their angumr functions wul all be positive ; and 
KA+B) and ^(a+ft) being of like affection (149), the tan- 
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gent of the one and tbe cosine of the other will have the 
same sign. 

Compare these formulae with that in (47). 

174. 2\?jyr(we2)efowi5rtfV, or Gtaic*#\y5iriinf/i9;* 

sin Ka+^) ^ co9 K-^^ B) cos ^(fl+ft) _ co8 K^+B) 
sinjc sin^C ' cos^c BinjC 

sin i (a—b) ^ Bin ^(A— ^) cos ^(ar— ^)^Bin ^(A+B) 
sinjc cos^C ' cos^c cosJC 

These formulae may be derived from the same construc- 
tion as the analogies, or investigated analj'tically after the 
same manner. 
For instance, 

sin^ -f h) _ l - co8(a+6) 
sin'Jc l->cosc 

1 — COB o cos 6 -t- sin g sin > 

1 — cose 

1—coac-f 8iiirt8inft(l+co8C) 

"~ 1 — C08C 

1 — eoft C A sin B cos c .+sin A sin B 
l-cosC 

1 +C08 A COS B+gin A sin B 

1 — cosC 
l+co8(A^B) 
IwcosC 
_ cofl4(A^B) 
sin-^iC 

Therefore, 

sin j(g+&)_cos j (A— B) 
sinjc sinJC 
The others can be proved in the same way. 
Compare these formulae with those in (48) and (49). 

175. Napier's analogies can be at once derived from De^ 
Umbre's formulae by division. 



* Attribated by most'Engluh writen to Gwum, who pobliflhed th«m in 1809, 
Btt given ttro yuM Murller by fielambra. 
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LESSON xvni. 

FonnalsB for the soltttion of ObK^e- jbigled Trihednls. 

189. There are five cases to be coasidered in the solution 
of oblique-angled trihedraJs. There may be given — 

1. Two sides and the contained angle, 

2. Three sides, 

3. A side and two angles, 

4. Two sides, and the angle opposite to one of them, 

5. Three angles. 

190. Case I Given the two sides of a trihedral an^le 

and the dihedral angle they contain^ to find the remaining 
parts. 

Let a and h be the given sides, a being tite greater of tlM 
two, and C the contained angle. 

The analogies give, 

t«.i(A+B)=^cotiG^2li(^> 

Expressed logarithmically, the formulsB become 

-L tan J(A+B)=L cot iC+L cos \(a—h) 

'\-ch cos J 
J L tan i(A— B)=L cot iC+L sin \(a—h) 
1 +cLsinK«+&)-lO 
L tan Jc=L tan J(a4-6)+L cos 1(A+B) 
+cLco8i(A— B)— 10, 

requiring in all six openings of the tables. 

If the two given sides, a and be such that their s'lm 
does not exceed 180^, these logarithmic expressions will 
solve the problem. 

If, on the other hand, the sum of the two given sides a 
and h exceeds 180^, the formulae have to be modified for the 
logarithmic computation. 
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When a+b is greater than 180° ^S^o) will be 

an acute angle, and so will i(A+B— 180°). Then, 
sin i(a+5)=cos J(a+ft— 180°) 
cos J(a+5)=— sin J(«+^180o) 
tan|(a+&)=--cot Ka+A— 180°) 
cos J(A+B)=— sin.J(A+B— 180O) 
tan i (A+B)=--cot i (A+B— 180o). 
^ Substituting these in the formuLe, tiie logarithmic expres- 
sions will be, 

L cot J(A+B— 180o)=:L cot iC+L cos i(a^) 

+cL sin i(a+5— 180°)— 10 
J Ltan J(A— B)=L cot iC+L sin i{a—J>) 
1 +cL cos 180°)— 1 

L tan ic=L cot 1 80o)-|-Lsin J(A+B— 180°) 

+cLcosi(A--B)— 10 

191. Case EL — Given the three sides of a trihedral^ to 
find the angles. 

The theorem (170) gives 

cos a — cos b cos c ^ cos b — cos a cos c 



= i— 1 ,cosB 

sin osoLc 

COS C=- 



Sin d sm c sm a sm c 

cos c — cos a cos h 



sin a sin d * 

and these formulsB are sufficient for the solution of the 
problem. But for logarithmic computation others have to 
be substituted for them. 

The value of tan* J A, in function of cos A (52), becomes 
after substitution and multiplication of both terms of the 
fraction by sin b sin c, 

1 ^ sin b sin c — cos a-f-cos ft cos c 

sin b sin c+cos a — cos ft cos c 

cos (ft — c) — cos a 

cos a — cos (ft+c) 
_8in ^ (g-f-ft— c) sin i(a+(? — ft) 
~sin i(a+ft+c) sin J(ft-|-c— a) 
If the sum of the three sides be represented by 2«, then 

a-j-ft-|-c==2# a+c— ft=:2*— 2ft 

a+ft-— c=2«—2c &4-c--a=2«— 2a. 

Therefore, 

^ sm«8m(A — a) 
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The positive value alone of the root is to be taken, be- 
cause the half of an angle of a trihedral is always acute. 

The values for tan ]^B, tan ^0, may be obtained in the 
same way. 

The logarithmic form will be 

L tan i A=i I ^ ' t ^f-^}+^ sin (*-c) ) 

The student will have no difficulty in verifying theespres- 
sions 

sin iA= V?i^i?=*l^^f?=^, 
^ sm sm c 

co8iA=y— f4-^\ 

^ sm&smc 
sin A=-; — ~. — ^/ sin « sin (s — a) sin (s — b) sin (s — c). 

192. Case III — Given a side and two angles of a tri-^ 
Jiedrali to find the renudning sides and angle. 

1. Let the given side be adjacent to the two given angles. 
For instance, let c, A, B, be given ; A bemg greater than B. 

From Napier's an4ogies, 

,ot4C=tanKA+B)5?iM?±*). 
^ ^\ I •'cosJ(a — li) 

The logarithmic expressions will be, when A-|-B does not 

exceed 180°, 

fL tan J(a+J)=L tan Jc+L cos K-^— B) 

-|-cLcosl(A+B)— 10 

L tan 5)=L tan ic-j-L sin B) 

+cLsini(A+B)— 10 

L cot 1C=L tan J(A+B)-4-L cos K«+*) 

+cL cos \ (a— 5)— 1 0, 

and when A+B exceeds 180°, 

rL cot i(o+&— 180o)=L tan Jc+L cos i(A--B) 

+cL sin i(A+B— 180O)— 1 C 
L tan &)=L tan Jc+L sin i(A— B) 

+cL cos J(A+B— 180O)— 10 
L cot ic=L cot i(A+B_l80<>)+Lcos J(o+ft— ISO©) 
+cLcosi(a— 10. 

Gd 



(I) 



(2) 
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IL I^et the given side be opposite to one of the given 
angles. For instance, let a, A, B, be given, A being the 
greater of the two angles. 

s'n B 

From (169) sin&=sina !— -ri 

and from (172) cot JC=tan i(A+B) 

, . , ,^ cos i(A+B) 
Unic=tanKa+6),„4j^lBj- 

As one of the required parts h is obtained by its sine, it 
appears that the problem will, in some instances, admit of 
two solutions. 

If A-|-B be less than 180°, and A":^B, then the acute 
value of h alone answers the question ; for if a be obtuse, as 
a-j-6 must be less than 180°, h must be acute; and if a be 
acute, as a~^h^ b must also be acute. 

If A-f B be less than .180°, but A-^B, there will be two 
solutions when a is acute ; and the problem will be impos- 
sible when a is obtuse. 

If A+B be equal to 180°, b will be the supplement of a; 
and there will, therefore, be only one solution. 

If A+B be greater than 180°, and A-«^B, there will be 
but one solution if a be obtuse, and two if a be acute. 

If A+B be greater than 180°, but A-^B, the two values 
of b will answer if a be obtuse, and the problem wUl be im- 
possible if be acute. 

The problem will further be impossible if sin a sin B be 
greater than sin A. 

When written out for logarithmic computation, the for- 
mulae will be 

L sin 6=L sin a+L sin B+cL sin A — 10 ; 

and, when a-{'b is less than 180°, 

L cot iC=L tan KA+B)+L cos i(a+h) 

-f-cL cos i(« — b) — 10 
L tan ic=L tan i(^a+b)+L cos K-^^+S) 
+cLcosi(A— B)— 10, 

when a+/> is greater than 180°, 

LcotiC=Lcoti(A+B— 180°)+Lsini(/i+6— 180°) 

+cL cos i (a — b) — 1 
L tan J(7=L cot 180°)+L sin i (A+B— 180°) 

+cLco8i(A— B)— 10. 



(1) 



(2) 
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193. Casb IV Given two sides of a trihedral emd the 

angle opposite to one of them^ to find the remaining parts. 

Let a and ( be the given sides, and A the given angle. 

From ( 1 69) «iH B=^!^ sin A 
^ ^ sm a 

and from (172) 

, ^ w » . T.N cos i(a+b) 

tanJc=tanJ(«+*)-j;^-Elj). 

This problem, like the second part of the foregoing one, 
admits sometimes of two solutions. 

If be less than 180°, and aii^b, the acute value for 
B will alone satisfy the conditions. 

If a--\-b be less than 180°, but a-^b^ the angle B most be 
obtuse when A is obtuse ; but when A is acute, both values 
of B may be taken. 

1£ a-\-b=\ SO^^ there will be but one solution, because the 
angles A and B will then be supplements. 

If a-\-b be greater than 180°, and rt-^ft, there will be one 
solution if A be obtuse, and two if A be acute. 

If a-{-b be greater than 180°, and azp^b, the two values 
of B will answer the conditions, if A be obtuse ; but if A be 
acute, the problem will be impossible. 

It will also be impossible if sin J sin A be greater than 
sin a. 

The logarithmic formula; for this case will be 

L sin B=L sin A-|-L sin b-\-cL sin a — 10, 
together with the expressions [1] or [2], in the second part 
of the foregoing case according as A-j-B is less or greater 
than two right angles. 

1 94. Case V. — Given the three angles of a trihedral artgle, 
to find t/ie sides. 

The formulae for the solution are those cstabMshed in 
theorem (171), namely, 

cos A+cos B cos C , cos B+cos A cosC 

cos a= i- H> ' 1 ^= • A~-— >i » 

smBsmC smAsmC 

cos C+cos A cos B 

cos c= . -i- . ,j ♦ 

sm A sm B 
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Fonnulie adapted to logaritlimic computation maj be 

obtained as in (191). 

rm. * 1 1 1— cos a 

Thus, tan' ia=— 

l-fcos a 

sin B sm C — cos A— cos B cos C 
""sin B sin C+cos A+cos B cos C 
^ _[cos (B+C)+cos A] 
cos (B — C)+cos A 
cosKA+B+C) cosi(B-|-C— A) 
~ cosKA+B-C)cosi(A+C— B)- 
The angle A+B+C being greater than two right angles* 
and less than six, the cosine of its half will be negative; and 
each of the other three angles i(B+C—A), i(A+B— C), 
i(A-|-C— B), being acute (155), this value of tan* wUl 
be positive. 

Hence, by making A+B+C=2S, and extracting the 
square root, 

/ — cos S cos (S — A) 

tan^a-^ e^(S-B)cos (S-C)* 

Similarly, 

/ — cosScos(S— B) 
tan^-^ cos(S_A)cos (S-C)' 

/ — cos S cos (S— C) 
tanic=^ cos(S-A)cos(S-B)* 
The following formulae may also be found, 
/ — cos S cos (S — A) 
sin B sin C ' 

/cos (S— B) cos (S— C) 

cos Xa=j^ . p . A 

2 sin B sm C 

. S cos (S— A) cos (S— B) cos ( S—C) 

sin fl — * t5 ' >-N • 

sm B sm C 

All the preceding values may be expressed in function of 
the spherical excess e. 

Because A+B+C— 180o=e, tiien 
J(A+B+C)=90o+K KA+C— B)=90O-H*-3, 

J(A+B-C)=90o+i€-C, i(B+C-A)=90o+i6-A, 
and 

cos iCA+B+C)=— sin Je, cos KA+C— B)=sin (B— Je), 
cos i(A+B- C)=8in (C— JOi cos i(B-f C— A)=sin (A— i«). 



/_ 
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Therefore, 

y sin jt nn (A— jc) 

tan 4«-^sin (B-i£) sin (C-if)' 



sin ia=/^ • 



tan it sin (A — Je) 



sm B sin C 



smBnnC 

2 

sin g= . ■„ . ^ V^sin sin ( A— -Je) sin (B— Je) sin (C— *e). 
sinB sinG / v j / 

197. The first, third, and fourth cases may also be solved 
by means of the formula for right-angled trihedrals, by 
conceiving a plane to be drawn through one of the edges at 
right an^es to the opposite side, which will divide the tri- 
hedral into right-angled trihedrals. The mode of proceed- 
ing for this purpose can offer no difficulty to -the student. 
When only one part is rec^uired .to be determined, the com- 
putation by this method will be found somewhat shorter. 

196. Compare the first four cases with the corresponding 
cases of oblique-angled triangles. 



sin (B— jt) sin (C— ^t) 



JiESSON XIX. 

Expressions for determining the Spherical Exoess^ltfeasure of a tri- 
hedral angle— Spherical triangles— Area of a spherical triangle — 
Examples and Exercises. 

BXPBB8SI0NB FOB DETEBMINING THE 8PHEBI0AL EXCESS. 

197. To find an expression for the sine of half the spherical 
excess^ in fmctian of the^ three sides. 
Sinc6 £=A+B+C--180°, 

i€=:i(A+B-fC— lSO«)=i(A+B)— '(90«-4C). 
Hence, developing and substituting for the sines and cosines 
of ^A, ^B, their values (19 1) in function of the three sides, 
8m^€=r8in J(A+B)8miC-c08 J(A4-B)co8jC . . (o) 

(sin J A sin JC cos + sin ^B sin ^ cos 

" (+8in JA sin JB cos JC — cos JA cos JB cos JC 

jTsin (#— a)+8in,(*— 6)-f'8inX#— c) — sin< 
= •^ sin a sin A sin c 

i X V^ii* * sin (# - a) sin (# — 6) sin (< — c) 
/2sin coa^g - ^) — 28iiL jc cos ^(a+A) 
= 2sin^ cos X 2sin cos J6 x 2sin^c cosfo 

( X ysin * sin (« - a) sin (« — 6) sin (s—c) 
_ ^sin s sin ( #— o)sin (« —h) mn (s— c) 

"""" 2C08^C08^C0S^ * 
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This expression is known as Cagnoli*s formula or theorem. 
It may also be obtained by substituting in (a) the values of 
sin ^(A+B) and co8i(A-|-B) from Delambre*8 formulae. 

198. To find an expression for the tangent of the fourth of 
the spherical excess in function of tie three sides. 

From (116) to K«-|8)= ''° "T"^" f • 
\ / av r-/ cosa+cosjS 

Let a=i(A+B), j3=90®-iC, 

whence a— /3=i(A+B+C— 180O). 

Then 

^ s»nKA-fB )-cosiC 

* cosKA+B)+8mJtJ • • — W 

Mn I A cos ^B+sin ccb ^ A-> cw |C 
cos I A cos —sin ^ A siti ^B-f sin 4C 

8in( # - o) +8inf# - ft ) -sine / sin « 8in(* — e) 

8m«-8in(*— c)4-8mc V 8iii(«— a) sin (*— 6) 

_ 28in jc[co9 ^(a - ft) — coa j c] / Binjsm( #— c) 
""2301 4c(cos J (« + ft) + cos ic)Sr mn(s — a) sm(*— ft) 

8iai(ft+c-a)8in^((i-|-€— i) / 8in#aui(<-c) 

~'co6i(o+ft+c) cos ^(a+ft-c)V^ 8m(»-o) sm(«— ft) 

=Vtan tan 
This ibrmfila is due to Lhxiili^. 

The substitution in («) of the values of sin KA-j-B) and 
co8^(A4-B) from Delambre's formuin (174) would lead to 
the same result. 



199. Other expressions for angular functions of the sphe- 
rical excess are sometimes used. 

Thus COB IjrH^igij 

' 2cos ia cos Jft cos 

^ , cot let cot ift+cos C 
cot J6= — ^ . v,^^ . 
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MEASURE OF A TRIHKBBiL ANGLE. 
200. When two planes (MN and PQ) meet, there are 
formed upon the same side of one of these planes (MN) two 
dihedral angles which are supplements the one of the other, 
and which may be made to vary from zero to two right 
angles by the revolution of the second plane (PQ) on the 
pottunon intersection (AA') of die two planes. 

- 201. If a third plane (XY> be drawn at ri^ht angles to 
this common intersection (AA'), two equal bi-rectangular 
trihedrals shall be formed in each of these dihedrals, having 
for their oblique angle the dihedral angle NA'AP, or its sup- 
plement MAA'P. 

While the dihedral angle increases from tero to two right 
angles, the bi-rectan^ular trihedral of which it is the oblique 
angle, increases continuously from zero to a tri-rectangular 
trihedral, and then to two tri-rectangular trihedrals; and 
whatever part or parts the dihedral is of a right angle, the 
same part or parts of a tri-rectangular trihedral is the 
corresponding bi-rectangular trihedral. 

If, therefore, the tri-rectangular trihedral be taken as the 
unit of measure for bi-rectangular trihedrals, the same num- 
ber that expresses the measure of a dihedral referred to the 
right angle as unit of measure of dihedrals, shall express the 
measure of the bi-rect-angular trihedral that has the dihe- 
dral for its oblique ande. 

Thus, if a dihedral be an angle of 35*>, the corresponding 
bi-rectangular trihedral will be the | J, or -^^ of a tri-rectan- 
gular trihedral. 

202. Let three planes, MN, PQ, RY, meet in a point S ; 
AA' be the common intersection of MN and PQ, BB' of 
MN and HV, and CC of PQ and RV. On the same side 
of one of the planes, MN for instance, there will be formed 
the four trihedrals SABC, SA'BC, SBAC, SA'B'C. 

The trihedrals SABC and SABC are, together, equal to 
twice the bi-rectangular trihedral whose oblique angle is A ; 
SABC and SAB'C are together double of the bi-rectangu- 
lar trihedral whose obliaue angle is B ; SABC and SA'S'C 
are equal to SA'B'C (which is vertically opposite to SABC 
on the other side of tne plane MN, ana, therefore, equal to 
it^, and SA'B'C ; and these latter are together double of the 
bi-rectangnlar trihedral having C for its oblique angle. 

Let T represent a trihedral SABC, Ta", T.", Te", the hi- 
rectangular trihedrals whose oblique angles are A, B, C» re- 
flectively ; and T'" a tri-rectangiUar tnhedniL 
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Then, 



SABC= T 



SA'BC=2T^"— T 
SAB'C=2Tb"— T 
SA'B'C=2To"— T, 



whence, 

SABC+SA'BC-HSAB'C-HSA'B'C=2(T^''+Tb''+To''-T). 

But the four trihedrals are sAao together equal to four tri- 
rectangular trihedrals ; therefore, 



Ta"+Tb"+Tc"— T=^2T'", or T=Tx"+Tb"+Tc"— 2T'". 



That is to say^ the measure of a trihedral angle referred to 
the tri-rectangular trihedral as standard, is equal to the ex- 
cess above twice the measiu*e of the tri-rectangular trihedral 
of the sum of the measures of the bi-rectangular trihedrals, 
whose oblique angles are respectively the same as the dihe- 
drals of the trihedral. 

203. As the measures of a bi-rectangular trihedral and of 
its oblique angle, referred respectively to the tri-rectangular 
trihedral and a right angle, , are expressed by the same num- 
ber, it may, therefore, be said that a trihedral has for its 
measure the excess of its three angles above two right angles; 
in other words, whatever part or parts the sphencal excess 
of a given trihedral is of a right angle, the same part or parts 
will the given trihedral be of a tri-rectangular trihedral. 

For instance, if TS^ 15.', 12lo 43', 600 54', be the three 
angles of a .trihedral, its spherical excess will be 75P 52', and 
its measure will be expressed by this number 75^ 52', if the 
tri-rectangular trihedral be expressed by 90^. It will, in 
other words, be the or '8427 of a tri-rectangular trihe- 
dral. 



204. If a sphere have its centre at the vertex of a tri- 
hedral angle, theithree planes forming this an^le, produced 
if necessai^:, shall determine by their intersections with the 
spherical surface three axes of ereat circles meeting two and 
two. The portion of the surmce enclosed by these three 
arcs is called a spherical triangle, of which the arcs are the 
sides, and the dihedral angles of the trihedral are the angles. 



Therefore, 




T^T/' Tb;', To; 



2. 



•SPHERICAL ^RIANOLBB. 
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205. Each of the arcs thus determined on the spherical 
surface, that is, eadi of the sides of the spherical triangle, 
has for its measure, whether expressed in degrees, minutes, 
and seconds, or in circular measure, the same number as 
expresses the measure of the plane angle forming the corre- 
sponding side of the trihedraL 

The various relations already established, connecting to- 
gether the angular functions of the angles and sides of a 
trihedral angle, may, therefore, be transferred without any 
idteration to the angles and sides of the corresponding 
spherical triangle. 

206. All the foregoing problems and formulae, derived 
from the properties of the trihedral angle, apply equally to 
the spherical triangte : and if placed before the student as 
referring to a spherical triangle, he will have no other alter- 
ation to make m the investi^tion than to change the term 
trihedral or trihedral angle into spherical triar^le^ and to 
substitute the word angle for the term dihedral or dihedral 
angle, 

207. If. at the centre of the sphere to which a spherical 
triangle belongs, tadii be drawn at right angles to the sides 
of the corresponding trihedral, they will determine a new 
trihedral supplementary to the former (152), and whose sides 
will form by their intersection witK the spherical surface a 
second spherical triangle, such .that its angles and sides are 
respectively the suppxements of the sides and angles of the 
given triangle. With reference to this given tnangle, the 
new one is called tine polar triangle^ and sometimes the sup- 
plementary triangle. 

AteA OF A SPHERICAL TRIAKQLE. 

208. Three planes right angles to one another, passing 
through the centre of a sphere, divfde the whole spherical 
surface into eight equal parts. If r be the radius of the 
sphere, each of these tri-rectan^ular spherical triangles wUl 
have for its measure (for the surface of the sphere has 
for its mcasui^ the number 47rr*). 

Now, & spherical triangle will be the same part or parts 
of the eighth of the spherical surface as the corresponding 
trihedral at the centre is of the tri-rectangular tnhedral; 
that is, as its spherical^ excess is of a right angle. Hence, 
the area of a spherical triangle will be found bv multiplying 
^irr* by the quotient of tne measure of its spherical excess 
by the measure of a right angle. 
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BOLID TRIOONOKXTBT. [liBSS. KIX. 



Examples. 

Example I. — Tn a right-angUd trihedral^ one of the skka t» 
42° 12', oMd Ihe opposite mgle 48'^: to find the remmmng parts. 

This belongs to the first part of the Second Case. 

Computatiom/or o. 
L8in420 12, . . . 9 «riWT 



PojtnuUt. 
L sin c=L sin 42° 12 +cLjim 48° 
Lain fr=LtMi<i3° l/-^Lt»US^—\9 
L sin B=L oos i8°+cL ws 12^ 12' 



64© 41' 
or IIS^ 



41M 
19 f 



Compttiaiion fop b. 
L taa 42° 12 , . . 9 9574860 

Lcot480 . . 9-9644374 

—10, 

54° 4'r 
or 125 



• 4'r 1 
16 / 



9*9119224 



CompuUaton for B. 
Loos 48°, . . . 9 8355109 
«Loo8 42° 12', . . 0-1302963 



64° SB' : 
or 115 24 j 



9'9558072 



The problem: adbiits two flolutionfl^ and ool^r two ; for the thsee 
acute -values, or the three obtuse raloes^ muat be taken together. 



Example IT. — To reduce the angle subtendkd hy two places not in 
the horizontal ptam to that in Ihe horizontal plane. 

Let the angles of elevation or of depression of two objects A and B 
at a given station O be observed, and also the angle AOB- which 
the two objects subtend at the station.. 

The two vertical planes through the station and eadi of the objects 
together with the plane AOB, determine a trihedral in which the 
three sides are the complements of the angles of elevation or of 
depression and the angle subtended' at the station by the two places. 
These sides being known, the angle contained by the vertical planes 
through the objects, which is equal to the horizontal angle corre> 
spending to the angle AOB, can be computed. 

Let 47° 45' 39" be the angle subtended at the station by the two 
places, and 20O I0' 41", 9° 42' 24", their angles of elevation. 



900 

20 10' 41" 



49 19- 



9 42' 24" 



80 IT 36 



690 49' 19" 

80 17 36 

47 45 39 

2)197 52 34 



29° & 58" 
\» 39 41 



98 56 12 



L sin 890 6', 



L sin 180 38', 



58" 



2192 
. 9'6044853 
41", . . 255S 
818600 49', 9-9724775 
19", 148 

-0276077 

cL sinSOO 17, 9-99J7247 
36", 129 

-0062624 



h sin I %nriMmtal angle, 9*6 1 28331 
hmnAiRiV, . 9-61270M 



27" . . 130t 
480 24' 54", tlM m^nirad k>^. 
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Example III. — Given the laHtudea and longitudes of two places on 
ike ierrestrial ghbe, to find their distance. 

Let both the places A and B be situated in the northern hemi- 
sphere and on the same side of the first meridian. Let P be the pole. 

The great circle connecting the two places and the meridian circles 
passing through than form a spherical triangle APB in which the 
two sides PA, PB, are the complements of the latitudes, and the angle 
APB has for its measure the difference of the longitudes. The third 
side AB can therefore be found. 

If the two places were on opposite ndes of the first meridian, 
their angle of poaitioB APB would have for its measure the sum ol 
the longitudes. 

What is the distance from Tory Island, lat. 55° XT N., long. 
8° ler W., to South Cape, Spitzbergen, lat. 76° 32' N., long. 
13«>46'E.? 

Let C be the angle of the two meridians, a and h the polar dis- 
tances of Tory Island and of South Cape respectively. The for- 
muhe will be 

L tan KA+B)=Lcot ll^O' i + L cos 10^37' i +cLcos 24° 6' } - 10, 
L tan |(A - B)=L cot IP + I-sin 10° 37 i +cL8in 24° 54-10, 
lU tan Jc=L tan 24° 6' i + L cos i (A B) + cL cos \(k~ B) - 10. 



130 w 


900 y 


900 




8 16 


OS ir 


76 


33 




34 49^ 


13 


28 


13 28 


34 


43 










t)%\ IS 


2)48 


11 




K) 37i 


24 


6k 



Computation for KA+B). 
Lcotlioo't, . . 10-7110797 

L 0*100 37^, . 9-9938640 

cLPOtS4<3 5i . . 00895848 

—10, 

790 4y, . .10-7461185^ 



Comjnttathn Jbm i( A— B). 
Loot 11° Oi, . . . 10-7110/97 
L sin 10^ 37 J , . . 9-2232334 
cL >\n 240 . 0-3891295 

—ID, 

61° S8', . 10:3240446 



Computation Jbr^k 

Ltan24P6'i . . 9f;50W» 

£ COS 790 48 , . . .. 9-248181 1 

cL cos 64° 38', . . . 0-3680077 

-10. 

100 29^, . ^2664697 
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SOLID TRIOONOMXTBT. [lBSB. XIZ. 



EXBBCISBS. 



1. The hypotenuse of a right-angled trihedral is 120^ 15' 47", and 
one of the sides 19' 38". 

2. An angle of a right-angled trihedral measures 59^ 48' 23" and 
the adjacent side 159° 17' 62". 

3. The two angles of a right-angled trihedral are 99^^ 17' 36", and 
1140 37' 24" ; to find the hypotenuse and the sides. 

4. In a quadrantal trihedral the angle opposite to tke right-angled 
side is 729 48', and one of the other angles 43^ 15' : to find tbe re- 
maining parts. 

5. One of the sides of a quadrantal trihedral is 29^ 36', and the 
opposite angle 63^ 18' : it is required to compute the remaining 
parts. 

6. The two sides of a spherical triangle are 4:09 25' 30", 
76° 20' 10", and the contained angle 41° 18' 20".. 

7. The three sides of a trihedral angle are 72° 20' 20", 
123° 36' 40", 60° 25' 20". 

8. The two sides of a trihedral are 71° 28', 159° 14', and the 
angle opposite to the former side is 100° 45'. 

9. The two sides of a spherical triangle are 75° 35', 50° 18', and 
the angle opposite to the latter is 63° 1^. 

10. The two angles of a spherical triangle are 80° 19' 28", 
120° 29' 14", and the side opposite to the latter is 98° 48'. 

11. The two angles of a spherical triangle are 48° 15' and 73° 29', 
and the adjacent side is 67° 42/. 

12. The three sides of a trihedral are 58° 14' 42", 69° 46' 15", 
and 43° 37' 28" : to compute the spherical excess. 

13. The angles of elevation of two places above a station are 
37° 48' 50" and 48° 49' 20"; and they subtend at the station an 
angle of 15° 15' 46". Find the horizontal angle between the two 
places. 

14. Two objects, not in the same horizontal plane, subtend at the 
top of a steeple an angle of 49° 18' ; and their angles of depression 
are 12° 25', and 32° 46'. What horizontal angle do these objects 
subtend? 

15. What is the distance in geographical miles betVreen Dublin 
and Paris? The latitudes are 63° 23' 13" N., and 48° 60' 13" N. ; 
and the longitudes 6° 21' 30" W., and 2° 20' 24" E. 

16. Find the distance from Dublin to Mauritius in lat. 20° lO' S. 
and long. 57° 28' E. 

17. What are the distances -from Cork and Liverpool to New 
York ? the ktitudes being 51° 48' N., 63° 24' 40" N., 40° 42' 6" N. ; 
and the longitudes 8° 14' 30" W., 2° 68' 56" W.y 73° 69' W. 



Dublin : Alex. Thom & Sons, 87 & 88, Abbey-street 




ERRATA. 



Page 26, 10th Une, for (— ) , read 

Page 31, 4th line, /or cot^ A+cos2 A, read cot;* A-co8« A. 

„ „ 22nd line, for =cos(a+450 V^, = -cos(aH-450)V2i 
„ „ 3rd line from the bottom, for cos« B, read sin^ B. 

Page 32, 17th line, for sin IS^+sin 540=8in 30°, 
read sin 180p=8in 54° -sin 30°. 

Page 116, 14th line, /or angle, read angles. 
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